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Abstract 


Rhisecissertalion iS a study of radicalsrot ideals in 
mobs. The study of mobs began about 1950, and Professor A.D. 
Wallace is known as the founder. He has originated and contributed 
heavily to most of the major areas of research in this field, 
especially the ideal theory. Our purpose is, in some sense, to give 
generalizations of the results of A.D. Wallace and others, by 
considering radicals of ideals instead of ideals alone. By a mob, 


we shall mean a Hausdorff semigroup. 


In Chapter I, we introduce the concept of algebraic radicals 
in abelian mobs and study the stability of such radicals. We prove 
that under some special conditions, any open ideal A of a mob §S 
is radically stable without requiring the algebraic radical of A 
to be closed. Relations of a compact group and the boundary of the 
algebraic radical of A are also investigated. Theorems concerning 


the reducibility of ideals in mobs are obtained. 


Topological radicals in compact abelian mobs are treated 
in Chapter II. We prove that if the topological radical is dense in a 
Compact mobo we cnem 9) has no, localyzecos, "andjif ~~ S  contains 


zero and local zeros, then S must be disconnected. 
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Same comditions which leads to the existence of a local zero 
im 2 compact mob ere given. A characterization of compact 


abelian mobs is obtained. 


Im Chapter ITT, we extend our studies to radicals of 
mon-abelian mobs. Yhe Wedderburn radical, e—invariant radical 
and Thierrin redical in mobs are studied. Some results of their 
radicals im ring theory ere transferred to mobs. We show that in 
a divisible mob without zero, its e—invariant redical can be a 


compact commected group. 
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Some conditions which leads to the existence of a local zero 
in a compact mob are given. A characterization of compact 


abelian mobs is obtained. 


In Chapter III, we extend our studies to radicals of 
non-abelian mobs. The Wedderburn radical, e-invariant radical 
and Thierrin radical in mobs are studied. Some results of their 
radicals in ring theory are transferred to mobs. We show that in 
a divisible mob without zero, its e-invariant radical can be a 


compact connected group. 
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Background knowledge 


A topological semigroup is an ordered triple (S,J,m) 

such that (i) (S,J) is a non-empty Hausdorff space 

(ii) em isea COntinueus function trom 9S * 5S into 
S GO Ie TOR GCA) Se NOME) wee SE See eistel 4 Gly 8S) 5 
Following accepted custom, we shall shorten (S,J,m) to S , 
m(x,y) to x*y and topological semigroup to mob. The following 
shown in Figure I are some simple examples of mobs, and with their 
Ustalemuliipliacation me. Lhewinteryal |) (0,.)js the unit disk 9De in 
the complex plane, and, for fixed n > 1 , any convex subset of D 
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Let S be amob. An element e in S is called an 
idempotent if e.e=e . We let E(S) denote the set of idempotents 
of S , and where there is no ambiguity we write E instead of 
E(S). We remark that E is always a closed subset of S. An 


2 P 
idempotent e of §S “<1secalled Primitive 1f£ £° = £ « eSe implies 
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Anvelement  t)< 5 is called the zero of S if xt = tx = t 
LOrpalleexec Oo.) Lt is easily seen that the zero of S* if 
it ,ex1Sts, iS etnigque andiis an idempotent, For 9 A,B <@ S ; AB 


1 


denotes {abla e A, b ¢ B} and ne denotes tea laee eA} . 


A non-empty subset A of S is a submob if Ne cA. Moreover, 

if A is a submob of S then A is also a submob of S. A 
SubsrOUp Of 35 91S a subset G of S which is algebraically a 
sroupswith its inherited multiplication. The multiplication in 2 
Supgroupe)G, sie clearly continuceus, and, if 8G “as Jocally compact, 
inversion is also continuous, so that G is a topological group. 
For each idempotent e «€ E(S) , there is an unique maximal subgroup 
HCe)econtaining "e% Lf e and £ are distinct idempotents, then 
the maximal subgroups H(e) and H(f£) are disjoint. Moreover, if 
Suetsecommace thenw 1(e)" is cllosed tor eden 4 6 & . Lf) S) as not 
compact then this need not be the case. For example, let S_ be the 


interval [0,%) with the usual topology and usual multiplication. Then 


Seto enol a compactemobeand © H(1l)=—(0,) )*issnot closed in 5. 


A non-empty subset I of a mob S is called a left ideal 
toe eon ermine nieedeal, Ol sato Gc la and anvidealwif Lt as both 
left and right ideal. A minimal ideal of S is an ideal containing no 
other ideals. We denote the minimal ideal of S by K(S) . An ideal 
Maro om seater ep roperE (colon oe Dee Smaepropeieideal 
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ite a sob) o elas no proper ideal then’ S is said to be simple. 
For a compact mob S , K(S) always exists and its Structure is 
completely known; in particular, K(S) is compact and is the 

Hi o{Otil aU OueOLdetamily or compact seroups.as has) 1S a basic but 


very important result in the theory of compact mobs. 


Eeteo, besa Compact mob,sandsler 1. \be a closed 1deal. 
Let 2 denote the usual quotient space obtained by identifying all 
peiutssor 1), aud) let. 4 25 +2 be the natural map. In 2 >» we 
define the multiplication by 6(x)¢(y) = ¢(xy) , and such a quotient 
Space is called a Rees quotient. = is a mob, because I is a closed 
ideal and the multiplication is well defined. Compactness of 5S 
and closure of I are used to prove = Hausdorff and the multiplication 
is continuous. By using the Rees quotients, a disconnected mob can 
be made into a connected one if there is a closed ideal intersecting 
all components. For example, let W be a semigroup with two elements 


and I = [0,1] be the usual thread. Then Wx I is compact and has 


two components. W xO is a closed ideal intersecting them all, and 


Wx I 
wx 0 


is a connected fan as shown in Figure II. 


} 
/ FIGS =IL 


WxL WxL 
Wx0O 


ics 
et Nh 
7 : na 
autt tx 


_ cba 
| ne ae aay 


api eget ein 


Jak ianee meh Gott i cae a3 aan 
Aidog eonqies 20 ciemt Bax ab ahuews 46 


nuit Seehin ad Me Bw daaoeeens Se 
Tle pad (lide ss ey Daltnniy alage Sepitiep fever ala stoma 
me nt gee Teast © 5-8 77 tts a ee aE 
Sretivuyp Weve lat , Gly > O04 wolsasisqta line 443 witha 
Cabelas mal 1 supaeead oot, & ae .Wwaisqwe ean! « bv ides a} 
B Go Wnsisongs .bhattall ddpe'G) eaPineligh tive silt boo bas 


! 
aew don tudtenpaceth ¢ . ov euttat> coed ads getar -eveend 


gad Ceci igt! jen. cll? Sen Oaolyer! Ls avney.<«a ey 50a 1 io eweoks. 


gabsecrvesdl dO jeesle o el wii, te 4ne Besoewes » otnk.8 
etieeeds ows FP) Guuigha ot &@ aAt «2 Lye eG ,~85a1 
ae paw Ganges dt TF nant ceeewh? Deoew 289 oo {t,A),«2 4 
sd Ue Wd qutine> count Watht tadets o af O° 8 ,etnpsogiis 


1s Piet At oveda oh ap) bBednanes & Of 


(Gis) 


In topology, a homeomorphism is a function that is 
4-1 onto, continuous, and whose inverse is a continuous function. 
In mobs, an iseomorphism is a function that is both isomorphism 
and homeomorphism. Thus, two mobs S and T are iseomorphis if 


there exists an iseomorphism from S onto T. 


The following are the most frequently used facts in this 


GrsseceatLon. 


(1) (Kocheang Numakura). sfFOrm xc .9 alert PGs) = {xP | pon} : 


T(x) = P, Gx) and K(x) = a{T Gx) |n>1} ee (Cx) Lorcomnaic CmsEnen 
K(x) is an ideal of [(x) and is a group. Thus, for an element x 
in a compact mob, the powers of x cluster at some idempotent, and, 


in particular, a compact mob contains an idempotent. 


Cis) (Kochwancuvallace). [lt 9S. isea compact mob and, UT is an 
open set in S containing an ideal of S , then JD » the maximal 
ideal contained in U , is an open ideal of S . Moreover, any maximal 


proper ideal of S is open. 


(III) (Faucett, Koch and Numakura). Let M be a maximal proper 
ideal of a compact mob S . Then S-M is the disjoint union of 
compact groups and of compact sets AY with the property AAG cM. 


(One of these types may fail to appear). 


(x) 


(IV) (Numakura). If S is compact, then each open prime 
‘ideal P ; Deeelaseenem@rorn J, (S-e) » where e is non-minimal 
idempotent of S . If conversely e is a non-minimal idempotent, 


then Ji (S-e) is an open prime ideal of S 


For more information about the theory of compact mobs, 
Sseeed.MamDayt(41, .k.is eHormann cand P25. Mostert: | LU] wA.b. Paalmann— 


desMirandar [ZL], and, A.D. Wallace [29]. 
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CHAPTER IL 
On di pebrane Gadticalsman Mobs 


We let A> be any subset of a mob S > The aleebraic 
radical of A is defined to be the set {x « s|x* e 7A Lon some 
inteser eke lhe andsicydenoted by Ri(A)y @ihis-cet™ Al is@said to 
be radically stable if and only if R(A) = R(A) holds. Obviously 
for any open subset A of S , A need not be radically stable. The 
purpose of this Chapter is to study some properties of the algebraic 
radicals of ideals in S . The main result is: Under some special 
conditions, any open ideal A of S _ can be radically stable without 
requiring that R(A) be closed. Moreover, we will demonstrate that the 
notion of radical stability of an ideal in abelian mobs is useful ; it 
gives a necessary and sufficient condition for the closure of a primary 


(prime) ideal to be primary (prime). 


Throughout this Chapter, we use C to denote the closure of 
thes set==G=s sc “for the complement oft “C” ,-andees (G) Sfiormiche boundery 
OL Oe. eand in possibly ambiguols situtations, ‘the topologzical 
significance of a quantifier takes precedence over the alternative 
algebraic significance. Unless otherwise stated, S will be regarded 
as a compact mob with zero. The reader is referred to [21], [4] and 


[33] for terminology and notation. 
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Invthis section, pertinent notations, derinitions and 
properties of algebraic radicals of an abelian mob S (not necessarily 
compact) will be given. Most of them are well known results in ring 


theory which will be used later. 


Notation - Let A bea subset of S. 
J(A) = Au AS , that is, the smallest ideal containing A. 
Jif) = the union of all ideals contained in A , that 


is, the largest ideal contained in A if there are any. 


Detini tions CL) A MOD 6S se withezerosismsald to be O—prime sift 


Ht 


whenever a,b eS , ab OF, ehener a =e UME OTe Da aUe,. 
(2) A mob S is said to be an 2-mob if for any two 


ideals I) and I, such that I n I, + UW 4 SNe qulalneve aT c I, or 


Demin G1 Onan) Ane dea le Peo tts = iismcaid =lompe prime af 
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(Eee Atrial des ae Ono theo me lGesa td mt Ospem piciiia yada 
abeesOmeimpidesethaAt wane QM or tCuere existsean integer ik > el ssuch that 
fe CEQ. 

(3) An ideal R of S is said to be semi-prime if 
and only if ae Esk a implves tnabkeudeceR 
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Definition 1.3 : (1) An ideal A is completely irreducible 
(irreducible) if and only if whenever A is the intersection of a 
family (finite family) of ideals, then A is a member of the family. 
(2) Anwideal” AW is w-reducible if 4 “is the 
intersection of a family of open prime ideals containing A _ properly. 
(3) An ideal A is strongly reducible (weakly 
reducible) if and only if A is the intersection of a finite family 


(infinite family) of ideals containing A properly. 


Facts 1.4 : The algebraic radicals of S have the following properties: 


Let A,B be any subsets of S. Then 
(Ane (A) 
(2) nw cobs implies ethate gi (A)e cab am bOtman yey ele. 
CARR GO) = KA) 
it JA;B ave ideals of S , then 
Cope A eet otantdea lt Ota. 
(5) R(AB) = R(AnB) = R(A)n R(B) 
(peel ionAets cuprimanveldeal of om, then h(A)setLsea prime 
ideal of S which is the smallest prime ideal containing A. 
Conversely sult wM(A)aeeisea prime: fdealeoftescn, tien As cs pramacy. 
(7 electra eOnubeuideals of © 5s. [ben ms Ommisra primary sideal 
CLeo with (O)}e="b eel randeonly, af 

DP Oe Pe ©) 
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(S)eele 8A Sistan open subsetiof S , then KA) is open. 
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(9) If M is a non-prime maximal proper ideal of S$ » then 


RUD S=8S Selle i iseany ideal of 5S such that. RIM) = Ss). 


tien Mis primary. 


Remark : Some of the above facts are not true if S$ is not an abelian 


mob. For example, let S$ = {0,1,2,3,4} and define the multiplication 


on S by the following table: 
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The proofs of some of the above results are analogous to those 
in cing theory and can be found in [33]. The proofs of (7)-(8 are 


proved here for the convenience of the reader. 
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If x & A , then there exists an integer m 2a suchethat 
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(y yy €A since A is primary. Hence ye R(A) . So R(A) 


IShewprimesidealvot Ss) Suppose Py > A is a prime ideal. Let 

x € R(A) 50 there exists an integer k Palo cet ia ae e Ave Pp , 
As PL is prime, we have x «© Pie hat is =kCA) < PL eSOun kK (A) 

is the smallest prime ideal containing A . The other part of {6 | is 
easy to see. 

Remark : Unless A is primary already, there does not exist a smallest 


prime ideal containing A. 
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§2 Rianne yard Primary ideals 


We are going to study, in this section, the prime and 
primary ideals of S , and, in particular, the algebraic radical. of 


such ideals and their relationships. 


Proposition 2.1 : An ideal A of S_ is a compact prime.ideal if and 


onlyeit 2 is a O-prime mob. 


Proot : Suppose A is a compact prime ideal of S . Then A is 


closed in S . The Rees quotient ° is formed by shrinking A toa 


single point with the quotient topology. S is a mob. Recall that the 


Hultaplacatiton —* of 2 is defined in the following way: 


a*b 


iH 


abe if a,b) and [ab lace sing ioe Am. 


ekoley ot U)) whe ctclls) wae gs\ 


If a*b = 0 , there are two possible cases: Either 
(eee 7 OusOLe be O08 OL (li)) sabe Aa. Sintcacse (id) Uecincew Am as 
DiImeseweahaves=aetA "or "b« A). [his impliessthat Sa = 0) or 9b =,0 


in 2 Thiswineercier case 7a =0 or), b =.07. » Hence is O-prime. 


8 

oe A 
Sane ; , ar 

Conversely, assuming that A is an O-prime mob, since A is Hausdorff, 


the ideal A is closed in S and hence is compact. Suppose x * y = 0 


; S 
in ° mecien) wou nave sca Ono hee yet eel War 


: 
Age 
3 ae! . a'¥ a : 

- ; oe ae aes a ee 


— 


as a | =~ : — rahe 
: a : _ a 
ew’ sali, gis asrematal ati 7 


be Jvaibex sinraale oul) Seales aby 8 ao 
eee 


a 


unhas-ells outa aapenedtiathd pa A sie ad t 
sn poine toot $m 


ab. 2 i'ma’ o 2 ja Liat wee: 143 ed *ai & aur 
oo). 4 pabdpiils <9) hanes? ot : weyaap anil oc?  & 


4 ba ¢ ayy 
ets O54 sal us (thm A wl i NSE tury } eta ets je = 


es 


= 
rs 


tyew: Sih 1109 ef a: eens at - ie © pe 


ote FS ‘Ope Ht BRS did\~ 2 ss lie 

S ewed wh 0 Site 

} 28 39.0 &, Tt Odes 

wed seete: sidicom we ase sidde , Oe OR OF | 

ed Bailey; CO aanornt. oA ada OO aoe Dae ee 

~ Deh ee OS ey Vedi eatin SEE 2 Aa 4 mk Nae, eee 
ond iyo O Ba Penta ee at ee oe aged eotetd al auft 

Trohauis ah owe Gow snlheyed ams E aale gan 
i ee har a Pio lapel wa 
at “ail Sian. 


Ce ee mare wes 


This means that Gx c’A “or y eA am the mob So) Hence ™™ Aueis 


a compact prime ideal of S ., 


Theoremy2.2 mjlet) A, ibe.an ideal of $. such that RA) is proper 
maximal/in S.. Then A is primary if and only if ae is an 


abstract completely 0-simple semigroup. 


EEOOrE-m suppOseneA iS a primary idealsot 6545, then .K(A) lis a 
primnepidealeggAs? S® isycompact, itgtollowsythat gkR(A). isyopen [21]; 
page 28. By theorem 2 of [20], page 677, R(A) has the form 

J, (S-e) with e being a non-minimal idempotent of S . Therefore 
there exists ae =e & R(A) . Now form the Rees quotient aay A 
Clearly : en is an abstract O-simple semigroup [21], page 59, and 
contains e. Hence by [6], page 655, EN is completely O-simple. 
Conversely, suppose that ae is completely O-simple. Then there exists 
an + =e & R(A) . Clearly, e is non-minimal. By the maximality 
or R(A)% we have’ R(A) = Jj (S-e) » Byetheoren =2or- (20) ,epacetoy9: 
again, R(A) is an open prime ideal of S . Now take xy € A , then 
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Proot taeby 10). page 655;.~ is either the zero semigroup of order 
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A.D. Wallace has proved the following result: Let 
S be an abelian mob (not necessarily abelian). Then each open 
prime ideal is completely irreducible, and each completely irreducible 
ideal is open [29], page 39. One would naturally ask whether the 
irreducibility of an ideal Q in an abelian semigroup is a necessary 
and sufficient condition for Q to be primary. (This question was 
asked by A.D. Wallace in his lecture notes on topological semigroups, 
problem J6 page 39 of [29]). We show here, by giving a counter example, 


that the answer to this question is negative. 


Example 2.4. Let S be an abelian semigroup consisting of four 


elements {0,a,b,c} with multiplication table: 


Pheasers) 10.b3, 10;b,¢}, 10,a,b) “are ideals,or 5S 4) Now 10,bh)= 
(Oebecian 10-asb elt icteasily ecen ithat, (0;bie lista primary sides! 
of S , but is not irreducible. Thus we have shown that primary 


ideals in abelian mobs are not necessarily irreducible. 


Theorem 2.5 : if Q is an open semi-prime ideal of S , then Q ds 


prime or w-reducible 


Before proving this theorem, we need the following two 


lemmas. 
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Lemma 2.6 . Q is a semi-prime ideal if and only if R(Q)=Q. 


Prook : ff K(Q)-= Q , then 4t as easily seen that O° is semi-— 
Cc 

prime. Conversely, suppose that Q + R(Q) , then there exists 

ae R(Q) with a&®Q. Let k>1 be the minimal integer such 


k 
that a ¢« Q. Suppose Q is semi-prime. Then k must be odd. 
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Of k . Hence K(Q) = 0 . 
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By now, one can easily see that theorem 2.5 is an 


immediate consequence of these lemmas. 


Corollary ltse'G@):* [If A sisvamlidealj then ~R(A)> is a tsemi-prime 
ideal. 
(ii) A is an open semi-prime ideal of S if and 


only if A= Ate | Be is an open prime ideal containing A}. 


Corollary 2 : Let Q be an open semi-prime ideal of S. If Bis 
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are open prime ideals containing Q. As S is abelian, we have 
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Theorem 2.8 : Let S ‘be a compact mob such that 5? =A5e 0 7 Lt 
Amel cuchenintersection of amaximal proper sidealcpor, Sis4ithen 7A 
is either prime or w-reducible, and S-A is the disjoint union 


of compact groups. 


Proof : Let M be the family of maximal proper ideals of S$. 

By Poa. Grillet [9]. page 503, every. maximal, adeal. of ..S ,4ac)prime 

Lie and Omly. if. /S= 5? - © is compact, so each maximal proper ideal 
of S is an open prime ideal of S. This implies A is w-reducible. 
Obviously, S-A = u{S-M|M « M}. We claim that the complement of 
distinct maximal proper ideals are disjoint. For suppose that M, 
and M, are distinct maximal proper ideals such that (S-M, ) n 

(S-M, ) + > . Then we not that M, = M, U M, is consequently a proper 


ideal Of 5), and) Mi. properly contains ~—M =) and | M- which is a 
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contradiction. By a result of Faucett-Koch-Numakura [6], page 656, 


we have that S-M is the disjoint union of compact groups. Thus 


S-A is indeed the disjoint union of compact groups. 
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BICC uMeloeGLOsced sinless, Lt isscomnpact. As 15) 1s compact 
Hausdorff, it is a regular space and hence there exists an open 
neighborhood V containing F but excluding x. By the 
compactness of S , we have that JW) is an open ideal of S’. 
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Corollary : If S satisfies the second axiom of countability, then 
Les ea G ideal, that is, F can be expressed as a countable 


intersection of open ideals containing F . 


This is because compact and T imply regular, and regular 


2 
and second countability imply metriziable and every closed set in 


ayvetett tcmspacees!S alG aul. 


6 


Remark :; The author learned from Professor J. M. Day that this theorem 
is due to A.D. Waljace in a form like this; ‘Every neighborhood of a 
closed ideal F contains an open ideal containing F" . It appeared 


in Wallace's notes from University of Florida 1964-1965. 
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shown that R(F) is the intersection of a finite number of open 


prime ideals of S. 
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is primary and has the algebraic radical C. 
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In what follows, if the algebraic radical of an ideal 


A is an open primary ideal P , then A is called a P-ideal of 


Sees 


The following result, which is a simple consequence of 
a theorem of W.M. Faucett [5], page 749, gives a condition when 


and ideal of a compact connected mob S can be a P-ideal. 


Proposition 2.11 : Let S be a compact connected mob with unit 
mide Agepemdn ideal of §S).) Let eze bela cub point of S sworch cuts 
Seat (Ade ethatwis 6Se— (2) =— h(a) Un bor R(A) |B then A isa 


P-ideal if and only if z is an idempotent. 
Proof : See W.M. Faucett, Theorem 1 [5], page 749. 


Prosposition 2.12 :..Let S be a compact connected mob and P be 
a prime ideal of ‘S . Then P is connected if P is contained in 


the intersection of all maximal proper ideals of S. 


Proof : Let A be the intersection of all maximal proper ideals of 
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S . By Koch and Wallace [14], page 683, we have AcS . Hence 
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aS meets C since S has a zero, so x ¢€aS¢C. Thus we obtain 


that, P= Cs, P is connected. 
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This proposition follows immediately by observing that 
(1) Any finite intersection of P-ideals of S$ isa P-ideal. 


(2) Any arbitrary union of P-ideals of S is still a P-ideal. 


Moreover, we remark that this union is a subset of S and is an open 


prime ideal of S . 


Now, let e be an idempotent of a compact mob S. We 


Say that an element x eS belongs to the idempotent e if e 


is the unique idempotent of I(x) = ce . Let us denote by 
BY enaly onc Sle, ée r'(x)}". We shall call it a B-class. St. Schwarz 


[21], page 119, has proved that any compact abelian mob S can be 


written as the union of disjoint B-classes. 
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The element y also belongs to the idempotent tapas buts since 
fe) 

y € S-R(A) , and R(A) is prime, we have gsr ace GPS-h(A) . 

As R(A) is open, S-R(A) is compact in S$. It follows that 


aco Ogee a en T(y) ¢ S-R(A) . Therefore e, € ICy) *ee5-- CA), 


fo) 

Therefore, e, € '(y) © S=R(A) . This is impossible since A and 
fe) 

S-R(A) are disjoint. Hence BY nee S—-R(A)) =o 


Corollary. Any P-ideal A contains exactly the same number of 
disjoint B-classes as R(A)-. More precisely, An {UB Js u (An BY) 
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§3. Stability of algebraic radicals. 


BEoposi es Ongs.L. Lim A wis de slpsel sot mom wi Lhe GA)melosed sand 
eeeeO ie such that. A @ xA\ 5 then we have. k(A) = K(KA) 7 in other 
words, the closed algebraic radical of A would not be expanded 


under any translation. 


Proof: \By the “Swelling Lemma?’ [11], page 15, Av< xA cA. Hence 
KA) Se RGA) < R(A) . We only need to prove that RA eR(A) 
Since Ac R(A) , we have A c R(A) = R(A) . Consequently, 


R(A) < R(R(A)) = R(A) . Thus we have obtained that R(xA) = R(A) 


Theorem 3.2. (Main theorem). Let A be an open ideal of S. Then 
A is radically stable if and only if R(A) does not contain any 


idempotent lying outside A. 
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In order to prove this theorem, the following lemma 
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Bemma 3.3. Let A be any open ideal of, S$. 2f .B “ds an ideal 
which is not contained in R(A) , then B has an idempotent not 


tim = =AN 6 


EeOOUS eyo tice WA sicean idealvot sss so ism K(A)e seas bes RGA) oe 
there exists an element b « B_ such that b & R(A) . Now 

J(b) = {b} u bS ¢ B , and J(b) is compact, for S$ is compact. So 
there exists an idempotent Aa =" € 11 (b) ee J(b) Pc. B . Suppose on 
enepcontrary that ae A. Then K(b) = 6 E(b) "ec Ao where 

K(b) = aie {bt ]i>n} [21], page 25. “Since AX is open, we must 
have b" € A for some integer n> 1. For otherwise, suppose 

be Sua or all integer9 n> 1. Then be e A' for all integer 
n>i1. Because A’ is closed and hence compact, we have I(b) < at 
which implies, e &)A,, a contradiction: )< Thus be rer A implies 


b € R(A) ,which is impossible. 


Remark : For any compact abelian mob S and A a non-empty open 
SupeetrOtl Gus 1b 6 Berisea subnob ol.) 5S suchuthateub tk (A) then 
B contains an idempotent which is not in R(A) . 

We are now ready to prove theorem 3.2. As A is an ideal, 
so is A and R(A). For the necessity, we suppose that 


R(A) & R(A) . Then, by our lemma 3.3, there exists an idempotent 
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But we assume that such idempotent does not exist. Hence, 

R(A) ¢ R(A) . As R(A) ¢ R(A) always holds, we have R(A) = R(A) 
that is, A is radically stable. For the converse part, we assume 
that A is radically stable, that is, R(A) = R(A) . Suppose there 
exists aa =e «¢ R(A) . Then e « R(A) , so there exists k chalk 
such that ES e A. Thus eec¢A and hence, R(A) contains no 


idempotents which are not in A . Our proof is complete. 


Corollary I 3 Let “Ay bea proper ideal of the mob S . Then any 
ideal of S properly containing R(A) contains a compact group which 
is disjoint from A . Conversely, let G be acompact group in S 
such that G is disjoint from an open ideal A , and suppose that A 
contains all the other idempotents of S . Then R(A) is an open 


ideal of S disjoint from G. 


Proof : By corollary 2 of lemma 2.7, we have eS e & R(A) for some 


idempotent e. Now eSe is a compact submob of S with identity 
e . Consider G, maf seewens e|se7* =e}. This is the maximal 
subsroup or eS =e. sit is known that oF is a compact subgroup of 


arsvem [i2]* pace 13.) Welclaim that -e 4 =R(A) For 16 ve <— K(A)™ 
then e $ e ¢ R(A) , a contradiction. Let us now suppose that 
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Hence as eA meContall Cele oylesiethica implies etcaceR(), - wakinus 

Gea R(A)'=>¢ .°As' .G and» -S. are compact, J, (S-@) is an open 
iGo eOrerogwenGlearly, RCA) < J, (S-6) . Suppose that J (S-G) x 

R(A) . Then by our lemma 3.3, there exists a ewe J, (S-6) ; 

e «A. This contradicst our assumption on A . Hence R(A) = J (S-G) 


and hence R(A) is an open ideal of ~S”™. 


Corollarye2a:) Let \S be an’ O=mob .. lf Aw is an jopen sdeall ots 
which is not radically stable and R(A) is semi-prime, then R(A) 


is closed and “has the form eS with Be Seen KCA)ee 


Proof ss The tnon-radicall stability tote Avtimplies thati) K(A) 1 R(A) . 

By using the same method as lemma 8 in [20], page 676, and our lemma 
3.3, we can prove that there exists a minimal closed ideal M contained 
in R(A) » but not contained in R(A) . Moreover M has the form eS 
with ay =Pepeuk (A) Since 855 1seCOompact ag peonnetc(A) + or. Ase S 

ise weit tollows that’ K(A) e eStc R(A) . Hence R(A) c eS. 

Since R(A) is semi-prime, we have R(R(A)) = R(A) . Thus A c R(A) 
implies that R(A)c R(A) .. We have, therefore, R(A) = eS with 

eS =e& A. 

GocolWany 3gie alet PA ybepansideal WiLeCheeomiad tal yastapl eet. 


Then A is a primary ideal if and only if A Sisua primary ideal. 


Proof : We only need to observe that an ideal A is primary if and 


only if R(A) is prime. 
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Here we give two examples to demonstrate that, without 
tedical stability, the closure of a prime (Primary) ideal need not 


be prime (Primary). 


Example 3.3. Let S be the subset of the plane defined by 
S = ({[0,1] x 0).u (1 x [-1,1])) (see Figure 1.) where the underlined 


brackets denote the intervals, and define a multiplication on S by: 


Ore, Ve ex Ups VEOreal le poimesmexuem (oD is v cu Cyaan 
xO mete <y,0>8= <xy,0>) fon all spoints = x,y oe slap] 

See Uy at xyes ft Otwal Lepodat Sie. yom). Cl mr. 

Sivek <i yoo = <1 —xy>s for allypeints) » x,y 4110.4]. 


oe yr =<) 0 Trpsgieni bed), yae lbec] mandevice versa. 


Where xy is the usual product of x and y. 
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[a,bly #8 Hence wthievclosure’ of fab] "isin amprime idealmol™ s™. 
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underlined brackets denote intervals, and define multiplication 


ODM oD ys 


I 


-22)7— UsV-' = <Ku,yv> for all points i<x,y>. <u. v> inethe 
upper half plane. 


Bisy2 “Boj V> iaesxku,eyve for alllpoints Sein bye ain) 


the lower half plane. 


+ 


<x ic <ujv> = <xu,.0> if one of the points lies in the 
upper half plane and the other lies 


in the lower half plane. 


(Fieure If?) 


Clearly, the rectangle Q = (0,1) x $5) is a primary 


adeal of Ss , but the closure, of Q “is not primary. 


Remark 1 ;: Every ideal of the usual thread I is a primary ideal. 
By a usual thread, we mean a mob jseomorphic to [Oj] withetcs usual 
topology and usual real multiplication. Obviously, the minimal ideal 
{0} ,.Of leis primary. Any non-minimal ideal ot) ft) ehas the storm 
LOpx) ror (0,x|] “for a fixedex, in (0,1) [Zl |pepage 34 lorsee 


that [0.x] is primary, suppose ab < [0,x), a/& [0,x) ~ 
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Remark 2 : Every ideal of the min-thread I is prime. By a min- 
thread, we mean a mob iseomorphic to [0,1] with multiplication 


ca a yacamingdxyyt 2) Thiissremarle is clear, 


84. On the boundary of algebraic radicals. 


In this section, we prove two very important theorems. These 
two theorems tell us that: In amob S , the boundary of the algebraic 
radical of an open ideal A is closely related with a compact 


topological, group in |S». 


Theorem 4.1. Let/}S be a compact mob and A be an open ideal of 
S . Then either B(R(A))=6 or there exists a non-zero compact group 


which lies in the boundary of R(A) . 


Proot : Since .A eis an cpen ideal of S$ , by/1.4(8)), |R(A)Qais also 
eupopenideal of 5), lf R(A)S= 9S. o then clearly B(R(A)) = 96. 
Suppose that B(R(A)) = ¢ , then R(A) - R(A) + Oo eroincen K(A)g lis 


a closed ideal of S , by our lemma 3.3, there exists an idempotent 


EC = ee« R(A) - R(A) . Since R(A) is open, we have 


B(R(A)) = R(A) n S-R(A) = R(A) n(S=R(A)) . 
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Consequently, we obtain that e « B(R(A)) . Now, let the maximal 
subgroup of S containing e the idempotent e by H(e). 
H(e) is compact because S is compact. Ace bOthS KAM and R(A) 
are ideals of S , we thus obtain that H(e) n R(A) = 6 and 


H(e) ¢ R(A) , which implies H(e) ¢ B(R(A)) , completing the proof. 


Corollary 1: If S is a bing (compact connected mob) and if R(A) 
is a component of O , then R(A) - R(A) is a non-zero compact 


group. 


This is a consequence of our theorem and a theorem of 


AyD wallace, |2/|), page 53/7. 


Corollary 2 : Let the clan S (compact connected mob with unit) be 
contained in the Euclidean space Be (wlecee weet TA Saseaneided! 


ef S such that Rk(A)* "includes the boundary of -S , then R(A) is 


ancense connected. dea lor wos 


Proof : Let B(S) be the boundary of S in Eee By our hypothesis, 


BCS) ve R(A) ; This!implies that, 98(S))e SB(5)mo so R(A) GuktA)).. since 
n-1 


J. 
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Gieic alclanr and) eA) seanmideal vom Se. ken i: Hq" (Ss) = 8H 
eo ee 
(R(A)) since, by a famous result of A.D. Wallace [28], HE (S,R(A)) = 
0 = H'(S,R(A)) . Hence by a result of [28] again, R(A) = 5S , which 


means that R(A) is dense in S. As S is connected, R(A) is 


connected. 
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Remar emi necestipulation ~"AWRis anuideal folmmommeannot be 
weakened. The following example shows that even if A is an open 


subset of S but is not an ideal, our theorem 4.1 fails to be 


true. 


Example 4.2. Let“"S) be alicomb space, thatsis; 

1 j 
S = LOsee xe | OSL NU lone} xl {Oc@, tortald Mn=1h2 ,eeeee(secektsoure Lil.) 
where the underlined brackets denote the intervals, and define 
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Now, let A = (a,b) where a= ome b = <b , then 


R(A) = (a,b) , B(R(A)) = {a} which is not an idempotent of S. 


If the compact group G does not lie in the boundary of 
R(A)|, then the compact group CG must be contained in the ideal A . 


In fact, we have: 


Theorem 4.3. Let S be a mob (not necessarily compact or abelian) 
aid |G be a compact group in, S 5 then) CG, is enrirelys contained jin 


the algebraic radical of an open ideal A of S if GonaA ay 
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Conversely, if Gc¢R(A) , then GeA. (I am indebted to 


Professor J.M. Day for the improvement of this statement) 


Proof : Suppose GnA= 9, then GnA _ is an open submob of 
Ceesince A is open in’ S 2 By F.B. Wrisht. [32], page 310, any 
open submob of a compact group is a closed subgroup, then GnoA 

is a closed neighborhood of the identity of the compact group G. 
Recall a famous result in topological groups, see [10], Theorem 7.6, 
page 61, we know that GnA contains a normal subgroup N_ such 
that the quotient group 2 is finite. Let k be the order of the 
group = . Then for any géG_, we have s EeNCGnNACA, 
titsemeans thaty. ee R(A) . “Inf@other words,, Gree K(A) «Conversely, 
let us suppose G < R(A) , then for every 2 ¢« G , 2 e€ R(A) . Hence 
Bhegewe coterie intevemun ie | UeroucH etna ae evA js esotnce "GG Visza 
group, we have ae =g'¢G. Thus GnA+¢%. But A is assumed 
to be an ideal of |S , so GnA is an ideal of G and hence must 


equal to G if non-empty. This implies that GcA. Our proof is 


complete. 


Corollary =.) In thevabove theorems if “AS sicwan submob of S , then 


G§eetk(A) mit audonly if §G pi Al+ os 


The following example shows that the converse part of 


theorem 4.3 is not true if A is not an ideal of S. 


Example 4.4. Leto oS be the real interval |[—l.l]m.es = wlehethe 


usual topology and usual multiplication is clearly a mob. 
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Let A = Gi3i] ; then (A) See | eandss Ca 11) ie oeal 


compact roup, in 9S . One can observe that |G < R(A) bute GeceAy, 


85. Concluding remarks. 


The definitions of reducibility and irreducibility of 
ideals can be generalized as follows: An ideal A is said to be 
R-irreducible if A is reducible such that RA) SONG ie oly 
RA) = ROA)S fer aliva .*then A) Mis said) to be reducible. athe 


following example shows that R-reducible ideals exist. 


Beompleno.t. bet §s be the semigroup consisting of four elements 
Ni0,a.b-c) such that aa =a a EC = c¢ and all other products are 
PeLOrmeGleariyw: (007m 0,4 ),10,C)) are) 1deqlseo elo mmwicle| Oya 
VOmegmeOeL Osc ier SOUtyKC1O01) = 105 Di) =.) RC Osa d) se 05a, 01a, 


ROLOsc a=" Orc, bia. slhuse 100" §is" k-ceducipler 


The following facts are easily verified. 


(1) Any algebraic radical of an ideal which is open and non- 
prime in the compact mob S is R-reducible. 

(Q)e lf A) as stromely reducible suchethec R(A) is a maximal 
proper ideal of S , then A is K-irreducible. 

(3) If a primary ideal is strongly reducible, then it is 


R-irreducible. 
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It should be pointed out that, in general, a primary 
ideal Q and its associated prime ideal R(Q) an topologically 
unrelated. For instance, the statement: 

"Q compact if and only if R(Q) is compact" is not 
true. For Q is compact does not imply R(Q) is compact: Compare 
remark I in’s3°. Also R(Q) is compact does not imply Q “is 
compact. For take S = [0,1] with the multiplication * defined by 
Sery =4 ye FOC ral le x.y eel o ee neni Om (0,5) is a primary 


ideal ot S which is not compact while RK(Q) = [0,1] * 


Also "Q is connected if and only if R(Q) is connected" 
as motetrue. Form take” S-= [0,5] UP [ea lie Debine: x oy = g XY 
5 is a primary ideal of S , 
R(L0,21) = § is disconmected. On the other hand, take 


foreall x,y sine S_.) Then [0 


Se yy Ol exe a, Oy  Detines (x,y een) (OSV¥ 
ereeOn-mGyy)\xeel Ol) 9, 00s y <0l) ee ihen itecan cacmlyibe 

Checked that O° 15 a primary ideal of ~S =) As “R(0)"=)S 5 R(Q)) is 
connected, however, Q itself is disconnected. But if S is 

connected and Q is a connected ideal of S , then R(Q) is a connected 


ideal, since S$ connected and has zero, every ideal of S is 


connected. 
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CHAPTER IL 


On topological radicals in mobs 


In the previous chapter, we investigated the structure 
of algebraic radicals in mobs and extended some results in 
commutative algebras to compact abelian mobs with zero. In this 
chapter, we study the topological radical of a mob. Several results 


converning abelian mobs with zero and local zeros are obtained. 


By the topological radical of a mob S with zero, we mean 
Elewuiionsor all the naly ideals or S$.) Anvelement. by in 9S wis 
called nilpotent if bo O , that is, if for every neighborhood 
UP oOr) 0, there exists an integer nS such that be é€ U for every 
n 0s » We denote by N the set of all nilpotent elements of 3S. 

An ideal A of S consisting entirely of nilpotent elements is called 
dene eeidedleOf 5.5. Lie case: (Nils anwided lO > merle me cUrns 
OUENCONDeNOUr COopOlopical tadical of “S .) fhe concept er nil ideals 
was first introduced by K. Numakura in 1951 [18]. In his paper, he 


investigated the structure of S when N is open. Some amplification 


of his results on compact mobs with zero were given by R.J. Koch [13]. 


It is the purpose of this chapter to apply the work of 


Numakura [18] on mobs with zero to compact abelian mobs with zero and 


local zeros. 
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We are mainly interested in studying some properties of the set 

N . We prove that if N can be embedded densely in an abelian mob 
5)» chen?) s))hassmno local zeros, /We also) show thatsifia mobi $ 
contains zero and local zeros, then S must be disconnected. Some 
conditions which lead to the existence of a local zero in a compact 
N-mob are given. A characterization of compact abelian N-mobs is 
obtained. Moreover, if S is a compact f-mob with zero such 
that N=N , then N-N is either a group or a semilattice of 


groups. The set of topological zero divisors of an element a in 


Seewillealso be treated. 


Since life is considerably different if a mob is not 
compact than when it is, we therefore make it clear when we are assuming 
compactness on a mob, and when we are not. Throughout, for sets 
My ee ok -) se denotes, the complements ¥ sine xis eexy sdenotesethevscer 
Ofealieproducts “xy with” x Je X oy < ¥ Boe denotes the closure of 
the set X in S . All spaces are topological Hausdortf in this 
chapter. Unless otherwise stated, S will always be regarded as a 
topological abelian mob with zero. The reader is referred to [21] for 


terminology and notations. 
§1. Definitions and Preliminary Results. 


In this section, N denotes the set of all nilpotent 
elements in S$ and S$ denotes a non-empty abelian mob with zero. 
To avoid trivialities, we suppose that 5 + {0} and the space S_ has 


at least three points. 
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Notation. tet AD béva subseteor =S.. 


J (A) = "AU AS © thateds, “the smallest ideal CONtaln ine eA. 
Jif) = Tcneruuton ofegil ideals contained sings. setiateis. 


the largest ideal contained in A if there are any. 


Defani tionsd, 1. S is said to be an N-mob if N is an open 


Subset of S . 


S is said to be an -mob if for any two ideals tL and 


I jw ialaechie | ake ale aS i 
suc a 1 D + @ , then either I, c I, or I, c IT A 


Debinition yl <2. An element Q such that a0 = 0a = 0 for all a 
in S is called a zero element of S and it is easily seen that 0 


LS Uniquelyedefined if it exists. 


An idempotent element e “ Oise called sap loca lezeron i reatnere 
exists an open neighborhood U in S such that ee¢«U and e is 
BiemZerOuror aU, tat, 1S, ex = Xe = (e ELOrscvel yuan se Ul. we 


GbServe that! 4a zero is not) a local zero. 


Deriile Lone Les. Let a be an element of S . Define Tod a= 
{x e¢ Slax ¢ N} , that is, the set of all topological zero divisors of 
Se, etod» a is non-empty since {0} “is alwaysein=lod@=amy eliete A 
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Definition 1.4. Let k> 1 be an integer. A k-ideal A of 

» iS 2 non—vacuous subset of S such that Awe : A.) .Aypraneipal 
K-ideal generated by any subset A of S is the set J (A) = 

Se Amel) Peers U he » which is the smallest k-ideal containing the sets 


k 
TAO AUa. e+, Agiee Weanote that J, (A) isGnotmrnesset sen U nas unless 
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The following results are elementary, but they are useful. 
Some important properties of the set N are known after these 


propositions and counter-examples. 


Proposition 1.5. Let S be a mob (not necessarily compact), then 
the following are true. 
(i) The set N is always a submob of S . Moreover, N 
eConcainswal (a) Mloreeach BaveaNne. 
Cine) bet @Saehave 48 unitaeu,.eFlneny use Lodsa” i: and only 
it a3. 4 Neyetouyanye a@ecn5 +. 
(iii), Tia @ “asian idempotent element¥ot 8S>,4then® N“=*fodte. 
(iv) Lio \esmammi ded Weott ao, eChenselod © “1s, ansideat cor so 
Moreover ae Lodwg=05 $etor all Bnte Ne. 
(v) Lf seach) Tod a» issan ideal of S~ for every non-zero ae S 
then every principal k-ideal (k > 1) generated by an 
element, mee N’ ismeontained)in 7 N . 


(vi) If N. is connected and S contains’ at least an idempotent 


e + 0 , then every element of N is contained in a connected 
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We only prove (v) - (vi) ; the others are direct 


consequences of our definitions and we leave them to the reader. 


Proof Cv) elake nee N » and let) kil /be an anteser. 9fhen 
k 2 mas 
hE 5 IGWee: le dkere as ? - By our assumption, Tod aw : is 
anmideal@OTe Goa el NUS ELOY aanyiey pce ous ny) ce lod aoe aes. 
k k ; 
upyec tN Vos ingocberwords; §ine5 scoNe.eoincesthe primcipal kaideal 
2 k 


generated by the element n is the set J, (n) eae) BU ee ert 


U "eS spolearly ; J, (m) es 


Remark : JI cannot prove the case when k=1. If k=41 is true, 


enam iW ie aim ddeal oF SS « 


Ci) tomprove (yi) we first motesthat lod sem ts) a) supmoOD 
Of =S).) For let “x 6 Tod 6 and y <€ fod-e@. [hen weshave ~ex < N 
Sndmecy rece’, Simca wo MIS abeltaneeD ye (:)) uN mes ede SubmoObEOL nS 
Thus exy = Bory = (ex) (ey) «€ n? CN. Hence xy € Tod e. Now let 


Wopcenove mlOdee Dy 8h ws by (lin), we HavemeNece mand m0 scmlir 


Met) “be the component of "zero in "Toy fhen "Ove s)ec@l swhich is a 
maximal connected set contained in T. Since N is connected, we 
have {0} eNc¢cQD. For any element yeN , Dy , being the continuous 


image of a connected set, is connected and contains zero. By the 
maximality of the set D , we have Dy ¢ D.So D is a connected 
ideal of N and every element of N is contained in D . Our proof 


is completed. 
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Derm WG i=: txat} 3» Lt P(x) Mist compact “for each tellement ax 
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is S , then S is called elementwise compact. 


Theorem 1.6. If S is an elementwise compact (or sequentially 


compact) abelian mob, then N is an ideal of S. 


Proof : (i) Suppose S is elementwise compact. We wish to show 
Pie CaN ee Sean deal (OL so. MiLet sree Niwand yc On. | Constder 
'(y) , which by our assumption, is compact. Take and zeTI(y). We 
Hever 20 = 08. “Thus, by the continuity of multiplication, for any 
arbitrary neighborhood u of O , there exist neighborhood w(z) «¢ 
Gi), w, (0) e G(O) such that w(z) w, (0) enue wheres 6G(Z) 7.006 (0) 
are complete systems of neighborhoods of the elements z and 0 
respectively. Let us consider a system of neighborhoods {w(Z) |Z € 
EGy ye sbuerssevidentethe T(y) “< zel(y) W(Z) eemoiucem Ly). isa 
compact mob, there exists a finite system w(Z5); w(Z5),++-,w(Z ) 
wich also covers f(y), and for” i= ,25...,0 4 we have w(Z,) We 

cl 
(0) c U. Evidently, there exists a neighborhood w(0) « G(0) such 
that. wt (0) <c ah w(Z;) and w(Z,) ROOD Clie incre iseyey Se Co MR aaaaieW o 
Butwaw (O) sts a nerehboriocd: of (0 Sand Sx=< Nie and) hence x" ¢ w(0) 
for some n° Thus yx" ée T(y) w(O) ¢ u{w(Z,)|i=1,2,... 
Hie Ojee Usle= Uw ator | Tl > ns Thies means. thaterxyeeeN , thateic, 
Nydas an-ideal of —5 . 
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Corollary l. If S is a compact abelian mob with zero, then N 


1S am udeal, or S . 


Corollary Ze lt) Sic compact and ‘connected@andsif 50 => jo then 


N is connected. 


Proof : By Koch and Wallace [14], page 682, S compact with Beas 
implies EG-="S . Thus 9°s “has a unit since, 9S) is abelian. “As 9s 
is also connected, so by Koch and Wallace [14], page 683, each ideal 
Ormioeric counected.. By Corollary 1) Nis eneideslsot 5 1, sow N 


is therefore connected. 


1.7 Counter-examples. 


Example (1). tf S$ is not compact, then Nes notenccesaarily 
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For example, let S = [0,~) with usual topology and usual 


multiplication, Then N= (0,1) s whieh ts not an ideal of §S\. 


Example (2). if) >. 1S note aneabe tian noo, Lien = Ni) tsenot 


necessarily a submob of S . For example, let S = {0 = Gas 
Ol 
x = (oi)? fi had Gey c= ce d = ens . Then under the ordinary 


matrix multiplication, we have the following multiplication table. 
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Clearly. N= 110.5.) 1, Nn? = 1O,es diane bhus nN? ¢N. This 


example demonstrates that the condition abelian is necessary. 


Example (3). Even if S is an abelian mob, N is not necessarily 


an idempotent set. For let S be the real line with the usual 


topolosy. Define x*y-="Q “tor all x,y dn S . Then N= S but 


Example (4). Even if S is connected, Tod e is not necessarily 
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Example (5). Even iff "S (Sis jcompact ‘connected, but 5? + S 
theme N@eismotGinecessarily connected. (ilor Wet 5 be the two 
line @ seements) joiming the points ma(0,0) 6 G70), and» (70),(0,1) = 
The topology is the usual topology inherited from the planes. Define 
the multiplication on S_ by (x,y) * (%55Yo) = (min x) Xo OP) 
Then, S is clearly a connected abelian mob with zero. But 


N = {(0,0), (0,1)} which is disconnected. 


Example (6). k-ideals are natural extension of the ordinary 


ideals. We give some examples: 


Example (6.1). Let S = {0,152,3,4,5} be a semigroup with the 


following multiplication table. 


Tete A= 1081s 26364) echen a =410) 2.40) = eC learly, 


AS ¢ A, but A’s = 10,04 )5c Aw, 
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Example (6.3). Let S = [0,2) with usual topology. Define 
Ehesmul tiplication on S by x*y = xy <Gnod 2). —Then  S (isa mob. 


Let A = (0, *) then es ¢ IN ee delive ats peta 


Example 7. We give here a simple example to support the 


statements of our proposition 1.5 (iii)-(v) . 


Let S = {0,a,e,f} be a semigroup with the multiplication 
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The largest ideal which has a zero intersection with N is 
{0,e} . Also we note that S contains two minimal ideals, namely, 
{O,e} and ~{0,a} both of them are contained in Tod N = {0,a,e} . 


Moreover, {0,e} is a minimal non-nil ideal of S. 
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Lt N siis the topological wadical of. Sstand, Gis: any, mon-zero 
SobSrouppomee 6 ae then Glo N! leew ella Se es eure 0-, then 


Ness Llodmem. 


PLOOte. se Loppuovertnat.) Neeieetne ctopologicaleradical wot wom 
SUrLICes LO shoOwetiates Neulcuan ideal or mon ae DUCet om setmiyial 
since N' consists only of idempotent elements. If N is the 
Eopolozicals radical of 5), then, Nj an particular, as an ideal) of 
S . Now let us suppose that NnaG ‘ > . Then there exists 

epee GeG NO vos Ase GCG Sis a ’suberoup sof 95) 5 Gx = Ge="G =.) Hence “C= 
Gx ¢ SNC N which implies G = {0} . Our supposition is therefore 


impescsible.s As “Nvo Tod e ‘by 1.5" (iil), sco to prove N= fod e , it 


suffices to show that ‘Tod e < N . Suppose that y & N , then 

VeceN =="s1e00. Phisimeans that | y = 6 Sulodre .) Our assertion is 
proved. 

Proposition 1.9. Let a be any arbitrary element in S. If N is 


aneopen subset of ~S , then Tod a” is open. LE Nis a closed subset 
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assumption, N is open and hence there exists a neighborhood V(ax) 


of ax such that V(ax) CN. 


$2g€) Gol Neaibch' toy tgutogor 04 2a) H sad sing 
Tater ty eh ats) ia 5. To lech sa a i" ‘sane walle : oo 


ud <b, W AT. weacemta Inatapobl dogs adujanos * 

Sa teak ae shy cali trug cl 4% wed fees Snot tae, 
asulee Gaa3-3T ='§ Yibliay Jas SBaiyges e2 tah we 

“fF sa , 2° Spe FO, & 36 ungagaiity es Al p a a 2 
meiorets as npliteoqque ava). 10 bh buried delqv Bs 


St, we hol esr way or op. tte ter oa Se hot 28 oe 


fail % P - FA Y Loan as ri 2 P >) ty. t * if 74019 wemte Lo | a 
- a - 
ef Gotiveirn MIP; ochbel Ao = ¢ GOs? cueee CH «a int « aise 2 
al “A a) 2) ml Janno ts Vigliisii@ YR ed 64 oe | “ui mo es 
sGniim “Wevbls og art 4% Tl «onset el A bor ris & @0 seedee 


ebueol ai ‘a bet ast’ ia 


Sur a enIL.o2s oe 8 2) ame. gv hel SW « B iit ar dips +04 “s 
(mv bawts6 is) an <a + tase by Sti tT, +S h nw: rept all “ , ae: 


» Wo Geepy sate do 


ha igh = 


From the continuity of multiplication, there exists a neighborhood 

V, (a); V, Gx) of the points a,x respectively such that 

V, fa) Vv, Gx) © V(ax) © N. Hence av, Gx) es V, (a) V(x) Sg auras 

means that x é€ V Gc) © Tod a . Hence Tod a is an open subset 

Claes ee lOsprovesthatee LOdasaw 1SaclOscdstimaN =is Closed LL 

suffices to prove that Todtate lod em abetaex cr lodia = Thentstnce 

S is Hausdorff, there exists a sequence {x,} eelod fa sesueh, coat 

x Sexe eis einplies that ax, ¢ N for each i and by the continuity 
of multiplication, we have ax, + ax . Since N is closed, we have 
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(iSwas told thatsProsessorsA.D. Wallace: alsouoptained the 


same results in [2] and [31] . He denotes Toda by a l-1] Nao) 


Remark 1.10. The following example shows that if N is not open, 


then not@all Tod a are open sets. 


hety tS =)121)00 [0,©) 8, where 117) )) ere) the negative 
integers. The topology of S is the usual topology inherited from the 


Pealeline welerimenthe multiplications +m ino mDy 


x*y = Minis. ys whenever xX,y € [0,%) .° 
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x*y = -xy if both x,y « {Z } where xy is the 


I 


usual multiplication. 
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Clearly N= {0} is not open. For any a € [0,), 
Tod a = {0} u {Z } , which is open subset of $. For any 


age iZ 9) Tod a = [0,°) which is not open. 


Now let us call a mob S an A-mob if all Tod a are open 
subsets of S for every aeS . From proposition 1.9, we know 
that if S is an N-mob, then S is an A-mob. But the converse 
statement is not known to’the author. That is, if S is an A-mob, 
is S an N-mob? However, Dr. C.S. Hoo gives a partial answer to 


this question. 


Theorem 1.10. If 9S) is >a compact A-mob and) EB Ws iinite,. then 


S is an N-mob. 


EPEOot elt is true that N-¢ olR Tod e . We only need to show that 
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page 24, so e,x « K(x) and e,x has an inverse element y € K(x). 


By our theorem 1.6, N is an ideal of S . Thus, we have 


e, = eyeewNS GN), This ainplies that’ e- "= 01 Chateis.  K(x)e— 710). 


ie eal 1 > 
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But K(x) is the set of cluster points of the sequence {x } A 
x=1 
Hence x > 0 ANE ale bees ING Therefore N = elk Lod ea, 


Tf E is finite, then we know immediately that A-mob implies N-mob. 


Corollary 1. If "S$ “is a compact mob and Vlodve lerelosed@toreall 
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This corollary gives a converse to our proposition 1.9. 


Corollary 2. N= 9” i Tod e , where om is the set of all non- 
eck 


minimal idempotents of § 


% 
Proof : By our theorem, we know N= n ,Tode, where E = 
ecE 

E- {0} since Tod 0 =S. Now suppose e,e' are idempotents of 
Seepabei us suppose 6 < e' , that.as. see = 6 sa then if 

Sec e lodges, we unavesuse xe NA Thus (ee))xuase (e's) uc en GaN. 
iat els exeen No. § Hence ) x <« Tod 6 .. We theretore obtainecnat 
fiom ce then tod eG! lod cues lius nN Got i Tod e 
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The following gives a necessary and sufficient condition 


rom ihe See NW tO Fe 2 ikeeatalesil @r S « 


Theorems) Lio) Let. is) be, connected and Jet J) be the k-ideal 
eenetatedsby Ny.) then Nis a k-ideal ot 55 gt andvonly Lie the 
component C of {0} in N coincides with the the component D of 


Op aba J, N) : 


To prove this theorem, we prove something more general, 
namely, if we replace the set N by any submob A of S_ containing 


zero, we shall see that our statement still holds. 
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J, (A) =A U me ame. OR =A uU aks » @owppose “A Ag a k-ideal 

off Se, in then Aas c A and we have J, (A) =e A yom “Titis, the 
component C of {0} in A and the component D of {0} in 

J, CA) coincides. For the converse part, we first observe that 

ORs iat Als0,. for any a eA  eethe pointa(a.0 mer Ciaiex Sen 
(Sexet0})°% Since S$ is connected, Cua Clears) ueS 0) a= 
(ATX 95) U(S x 10}) “is a-conmected subset of S < S = "By the 
continuity of multiplication, we have that AS is a connected subset 
of S containing 0. As a consequence, 0 € aks and aks is 
connected. Moreover, JA) S aks . Thus the component OD of {0} 
in J A) contains aks © On the cther hend Ase J, (A) and 
Olea A. Thus the component © Of A sisealco an J, fA) ee oye OL, 
assumption, VY =C. Thus AS G6 Crem hme thatel s meh Sea 


k-ideal of S 


Sie Abelian N-mobs. 


We now study, in this section, the structure of N-mobs, 
that is, topological semigroups S in which the set N is an open 
subset of S . We use E to represent the collection of all 
idempotents of S_ and BE" = E -{0}. It is easily seen that E is 
closed [18], page 408. An idempotent e may be looked upon as a 
subgroup of S . Following the usage of [11] and elsewhere, H(e) 


is the maximal group containing an idempotent e. 
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Also, following the notation of R.J. Koch [13] and K. Numakura [18], 
weedefine, for each €x) inles , C9) = an ; T(x) = Py Gx) S x) = 
al (P(x) |n > 1} and in case I(x) is compact, we have 

T(x) = ea eee U K(x) where K(x) is the minimal ideal of T(x) 


and is the maximal subgroup of [(x). 


PN COLCIIEA alse If S is a compact N-mob (not necessarily abelian) which 
is not nil, then there always exists a compact subgroup of S$ which 


Tsecdis,oint from N . 


Proof : Since S is not nil, there exists at least an element x S 
Wien es No. by, Vemma 2.1.4 of [21]. pave: 58a 0x & Ne anplies 

x" & N for all positive integers n. Thus the sequence egal can; 
Since N is open, N' is closed and hence compact. Therefore, 

ti yee N's. Clearly, |) 1(x) . 48 compact. | So theme existe aginique 
idempoent 0 + Ae eo eri) sa CONS Ger (Ce) yet CX) a OM ee mG 


is compact, H(e) is a non-zero compact group of 5S . [It is clear that 


Pico mie Nea rors H(e) re T(x) -caNe 


One would naturally ask: Under what conditions, can S_ be 
uniquely decomposed into two disjoint sets N and G , where N is 
the set of nilpotent elements and G is a compact subgroup Of Sloe cnat 


tiowewe meed 5 = Nu G., No nG= 9; Algebraically, we can construct 


the following: 


Theorem 2.2. Let N be an abstract abelian semigroup, G an abelian 


group which is disjoint from N. 
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Define Ghewmultiplication @ in the set S = G UN -as follows: 


Cay eRfor* xy €1G eletil ix Give <tyan Where =* ts the group 


multiplication. 

(Dy) hcteex,yresN:. let. x © y = x.y , where . is the semigroup 
multiplication. 
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Then S is an abstract abelian semigroup, denoted by S(N,G;@) , 
in which N is the unique maximal proper ideal of S . In other words, 


N can be embedded as the unique maximal proper ideal in S(N,G;@) . 


Prool 3 One scan easily verify that’ thesmultiplicacionsG) .Ob mon als 
associative, commutative and closed, hence S(N,G; ©) is an abstract 
abelian semigroup. Also, it is easily seen that N is an ideal of S. 


We only have to show that N is the unique maximal proper ideal of SS. 
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whieh implies# Si=eAas! Thus ARS N =yAj=eSy, andgeN@ is indeed the 


unique maximal ideal of S. 


We are now able to give an answer to our question raised 


above. 


Theorem 2.3. (J.M. Day). Let S be a compact mob with only one non- 


zero idempotent, 
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then S is the disjoint union of N and a compact group G if 


and "only if* N is the maximal. proper ideal’ of S$ . 


RrOOras Apply our theorems 2.1 and 2.2. The only thing we need to 
Observesic that." If. N is a maximali proper ddeal of, S 4 then gN 


ToLopeil. 
We give here a characterization of abelian N-mobs. 


Theorem 2.4. Let S be an abelian compact mob which is not nil. 


St 


Diep ee Loran eN-MoOp- Preand onlyedt ak is compact. 
In order to prove this theorem, our theorem 1.6 is crucial. 


Proof : Let us suppose that S is an abelian compact N-mob. Then N 

is an open subset of S$. Clearly, E =N'nE. As N is open, 

N' is closed. Also, it is well known that E is closed [18], page 

408, so by the compactness of S,N' and E are compact subsets of 

S . Therfore 5 is compact. Conversely, let us suppose om is compact. 
Then 50" is open and Nc S-E ~  gGlearly, J (S-E’) , the union of 
elise lcror se om COucained sin Boe , is open [14], page 681. By our 
Theorem 0.6, N @&s an ideal of «S and hence) N < J (S-E') . Suppose 

if possible, N= J (SE). Then there exists x ¢€ J (S-E') Pfae: 2 te Boar 
Consider the principal ideal” J(x)) “generated by x7. “ihen x) = 
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Hence I(x) ¢ J(x) and there exists a unique idempotent element 
» * 
Gme= 6c (xs) € J (S-E FP [21 yy pace 22 .eeGlearty 2 =40 stor 
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we would have x +0. This contradicts x ¥ N. Thus we conclude 


Since K(x) is the set of cluster points of the sequence {x} 


* 
that N= J (S-E ) , which is an open subset of S. 


Corollary 1. Let S be compact. If there exists an idempotent 
e #0 such that N # Tod e , then Tod e contains at least one 


non-zero idempotent of S. 
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and ideal of S . Applying the same argument as in the proof of 
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is contained in a proper compact ideal of S. 
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ideal of S$. Thus N is contained in all proper maximal ideals M, 


of S , where M, has the form J (S-x;) for some x, € S-N . Hence 
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But since S is compact, by Koch and Wallace again [14], page 
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Theorem 2.5. If S is a compact -mob such that WN #N , then 


N-N is either a group or a semilattice of groups. 
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Since abeN (ab), > 005) werobtain that los 0 J((ab)") = {0} 
which is a contradiction, for we assumed that I contains N 


properly. This establishes our claim. Now take ae I-N. Then 
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[(a) is compact. Thus there exists an unique idempotent f = f 
e [(a) © I. Since a&N, by the same argument as in our Theorem 

2.4, we see that f 5; 0 . Hence I-N contains a non-zero idempotent 


and I-N is a closed non-nil submob of S$. 


We now prove theorem 2.5. By Theorem 1.6, N is an ideal 
of S which contains N properly. We claim that N itself is the 


minimal ideal containing N properly. For suppose that there exists 


Sy 
an ideal Ny such that N + Ny Cun we lake menace N,-N eLNene a Soe mas 
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an Q-mob, we have N + J(x) =x uUxSc¢ N, ©N. As S is compact, 


J(x) is closed. Hence by the definition of the closure of N , 


N = J(x) , which implies Ny =N . Now applying our Theorem 1.6, N 
is a minimal non-nil ideal of S . So there exists a non-zero idempotent 
oe =ee¢«N-N such that J(e) =e v Se = N. This implies that 

(e=ese@ Hence, by a result of 8.J. Koch |21|, paces], eecs Nese 
group and e is primitive. Moreover, if N contains more than one 
idempotent, then eS - N is the disjoint union of the maximal groups 


e-S-N forall e e N= WN [21]; page 6b. In other words, ~eS-N is 
a a 


either a group or a semilattice of groups. 


The following is a slight modification of a theorem given by 


K. Numakura [18], page 407, theorem 4 . 
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However, for the sake of completeness, we give the proofs in 


detail. 


Theorem 2.7. If “S* isocally*compacteand "N="is a 'compact 
ideal of S , then for any open neighborhood V of N , there 


always exists an open non-nil submob J of S such that NecJcV. 


EProot ss Since S is locally compact and Hausdorff, “Sy is resular 

and we can find a neighborhood U of N_ having compact closure 

such) Phat, Noe U of < ¥ » where Vis any open neighborhood containing 
Neem cincels Nga s 4am ideal, sco Ni Uc Nice) a By the continuity of 

the multiplication and compactness of N and U » we can find an open 
set W with NcWcU 


Similarly, we SUS...) and hence u WcU. Denote T= i Wo 


sand (WU aU se) Since |Wee vy ueWe iW <1 


T is clearly a compact submob of S contained in V. Now let 


J = Jo) » the union of all ideals contained in W . Therefore 
Jeoey tow imeny a soince. Io iisecompact.,. J Bic theretore, Open andeisaa 
submob of S . Since N is an ideal contained in W , so 

N n J7oWea VY . Clearly J is non-nil, for otherwise,, we would have 


JeeaNe, owoich is false. 


83, Abelian mobs with zero and local zeros. 


In this section, we shall consider abelian mobs with zero 
and local zeros. Throughout, N will stand for the set of all 


nilpotent elements of the mob 5S. 
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Theorem 3.1. Let S be a mob (not necessarily compact). Then the 


closure of N contains no local zeros. 
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This implies that e = 0 , which contradicts to the definition of local 
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But our Theorem 3.1 tells us that e CoN Seaecont-cadiction, 
so N must be closed. 
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The following theorem concerns the existence of a local 


zero in abelian compact mob with zero. 
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Theorem 3.3. Let S be a compact abelian N-mob. Ii N' =E , 
which 1s a connected subset of S , then S contains a local zero. 
Purthermore, 1£ 5S has a wnit and N’ “isvarcwise, then Naess 


contratible. 
The proof of this theorem is a consequence of the following. 


Theorem 3.4. Let S be a compact connected mob (not necessarily 


abelian) such that S = ES = SE and E is an abelian submob of S . 
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Then S has an idempotent e such that eE = Ee =e and the 
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minimal ideal M(S) = H(e) = eSe = eS = Se . Moreover H (S) is 
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isomorphic to H (eSe) . 


(This theorem is due to Dr. C.S. Hoo.) 


Proof 3) Let’ K(S)” be the minimal ideal of “S .~ Then Dye 2c eOL 
[12], we can find a primitive idempotent e in K(S) such that 
eSe is a group and eSe =e K(S)e. Let H(e) be the maximal 

subgroup of S containing e. Then one can easily verify that 


H(e) = eSe 
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x € K(S) , it is easily seen that we have xK(S) = K(S)x = K(S) = 


We now prove theorem 3.3. 


Since S is compact abelian N-mob, by theorem 2.4, 
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we have N'=E is compact and non-empty. Therefore E is a 


compact submob of S . The hypothesis of Theorem 3.4 on N' are 
x x 
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By proposition 1.5: Civ)" Todtx. Geranmidealmoriec! forbevery, 
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Keo. AS eC €-E and &£ is connected, applying theorem 3.2, 
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wescan prove that Tod a @ Tod ‘e foveal leara,\ |. seoupposer 1s 
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possible, Tod a + Tod e for all a <¢ N' , then there exists 
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SecelOdsc meas 2 Od. am, “As <loure is an ideal of S , we have 
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xaees LOdFe |), wnieh implies axe =e NPs bul since =x <.fodsa™, 


' * * ° 
we have ax é« N’ , which is connected and is the set of non-zero 


: * 
idemoptents of 5 . So by theorem 3.2 again, e is the ezerc 
: * * ; 
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Corollary =: 9) it ~S” is compact /and” E is connected, then N = Tode 


ay, 
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boneall ae E 
This is a consequence of our theorem 3.5 and theorem 1.10. 


84. An example 


In this section, we construct an example to show that even 
ifetSy) is*locally compact but-not locally connected, some important 
properties concerning the set N , which we have just discussed in 


section 2 and section 3, are still valid. 
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2 

Example 4.1. Let S$ be the subset of; the plane consisting 
1 

of line segments Li , joining the points (1,1) and CoD) FOreaLL 
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The topology of S is the usual topology inherited from the plane. 


(1,1) 


Figure II. 


(0,0) G0) G0) (1, 0) 


For any point (x _,y_) on L_, we have 
Hie i n 


Sake Say a AEC: 
x da an ‘es ) = ea eee 


| 
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(1-A ) where. Oi. \0 EL 
n — on 


Define the multiplication * on S_ as follows: 
Ee ee le eh EO Miele eh cab cin. oar ede abe alag 
N21 m’-m nn n m “0 : m mn : 


where 6 = min {A/,A_} and o = min {1-A_,1-)_} 
n? m m n 


= min seed fl : 


Clearly, * is associative and S is a semigroup. 


To see that S$ is a mob, we have to verify that * isa 
continuous mapping from S x S into S. It suffices for us to 
check that * is continuous at (0,0) , for the continuity at other 


points is clear. 
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Suppose yD on CO SO!) ae Cn + (x,y) . We have 
to show that (x YD? * (xy > (0,0) 9*sGs, y) =" (0,0) eouppese 
phy * CAE Ae =) (asb) 8)" Sines (x oy) mC0s 0) tee Soon all 
eu Om, Ciererexists an intecer Ny >= Suchethat when nm > Na, 
Oo 


Ao Yo ee 8) b= min Bh otlad Satreek Since the point 


) 
(a,b) lies on the line a » we have a < = + € < 2e. Hence 
YW * (ay) = (0,0), which implies that) * "is continuous at 
(OS0)e. 50S is a mob. [Note that * is not continuous eat (1.1) ]. 


In this example, S is locally compact but not locally 
coumected. “Ihe point (1,0) is a local zero for. 3S 
~ a 
N = (0,0) u 1G 0) a2 5 » which is totally disconnected and 


haseno local zeros of S . N is an ideal of S +. Ihe component of 


(U0) eineomeois clearly disjoint crom N . The topological zero 


te 


divisors of e = CEO) Seas’ themser S-L, which is the maximal ideal 
| * 
among the ideals {Tod ala « N'} . Moreover, Tod e is a prime ideal 
* 
containing N . Since N' - E , we can see that S is not an N-mob. 
Remark : Professor J.M. Day pointed out to me that the mob we constructed 


in this example is topologically equivalent to the teeth of the comb 


space with zero added. 
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CHAPTER III 


On radicals in non-abelian mobs 


In ring theory, in order to get information about the 
structure theorems, the use of a radical is a basic technique. Many 
kinds of radicals in rings has been introduced and studied in the 
literature. We observe that some of these radicals which concern only 
multiplicative properties can be studied in semigroups. In previous 
chapters, we have studied some kinds of radicals in abelian mobs. The 
purpose of the present chapter is to extend our studies on these 
radicals to non-abelian mobs. We are mainly interested in studying the 
Wedderburn radical and the Thierrin radical, as these two radicals are 


closely related to what we have discussed in chapter I and chapter II. 


In this chapter, we give a condition for the right annihilator 
and the left annihilator of the Wedderburn radical W in a compact 
mob to be contained in W . We show that under a special condition, the 
celebrated Hopkin's theorem and Levitski's theorem in ring theory can 
be transferred to compact N-mob without assuming d.c.c. or a.c.c. 
on it ideals. The notion of e-invariant radical is introduced and we 
show that in a compact divisible non-abelian mob, some of its e-invariant 


radical can be a compact connected group. 
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Finally, the concepts of compressed ideals and Thierrin radicals 
from ring theory are transferred to mobs. If S$ isa compact 
non-abelian mob satisfying Numakura's condition, then the Thierrin 


radical of our open ideal A in S is w-reducible. 


Throughout, a "mob" always means a Hausdorff topological 
semigroup with zero. We use E to denote the set of all idempotents 
are easy |c| to denote the cardinal number of the subset c of S 


> 


and K_ to denote the minimal ideal of the compact mob S&S 


Notations. Let “AVS be ‘subsets of a move. 

A-B = the set theoretic complement of B in A. 

J(A) = Au AS u SA u SAS , that is, the smallest ideal containing 
Ae 

R(A) = AvuAS , that is, the smallest right dest containing A. 

L(A) = Au SA , that is, the smallest left ideal containing A. 


fie ie obvious that it S and A are compact, then J (A)m, RA). 


L(A) are compact. 


JA) = the uiton of all ideals contained in” A) that iss the 
largest ideal contained in A. (if Ji) + >) 

RA) = the union of all right ideals contained in A, thati is 
the largest right ideal contained in A. (if RA + >) 

LA) = the union of all left ideals contained in A , that is, 


the largest left ideal contained in A (if Li) f: Oi) uae 
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Koch and Wallace [14], page 681, proved that: If S is 


compact, then SPaC:Y) ; Rf) and L(A) are open if A is open. 


For other terminology and notation, the reader is referred 


tomGhapter [, Chapter 11 and’ [27]. 


Slee Wedderburn radicals, 


Let S be a mob with zero. An element x of S is 
said to be algebraically nilpotent or A-nilpotent if there exists an 
inteser #0 > sleisuch that x" = 0 . A non-zero ideal I of S is 
said to be A-nil if it consists of only A-nilpotent elements. An 
ideal I of S is said to be A-nilpotent if there exists an integer 
eee such, Chat I" =0 » this means that the set of all products 
i,i,---i, CLF i elements of [is Zéro.  MWevuse *W “tomdenotesthe 
set of all A-nilpotent elements of S . The maximal ideal contained 
ineewe is called the Wedderburn cadical “ot YSas"1beisein factstnacwunton 
of all A-nil ideals of SS. In this section, all ideals to be considered 


are non-zero, thus under this assumption, a compact mob need not contain 


2) juatimaimel slakveeuk 


Example 1.1. bets) Ss = 1a,b,c,d,0} and) defines the multiplicatvongin 


S by the following table: 
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Associativity of the multiplication can be easily 
werieiedS@toscontizm that? SWeisPa mob. Now W = {0,b} . which is 


the set of all A-nilpotent elements of S ,is not an ideal of S) 


Remark. In Chapter II , we proved that: The set of all nilpotent 
elements of a compact mob, in topological sense, is an ideal. This 


example illustrates that the set of all A-nilpotent elements of a 


non-abelian compact mob need not be an ideal. 


Proposition, 1.2. Let S be an abstract semigroup, W be the 
set of all A-nilpotent elements of S. If |s-w| ="l 5 and) Wis a 


subsemigroup of S then W is the Wedderburn radical of S. 


Proof : Since |S-W| = 1 , then we can write S-W = {c} +0. Suppose 
tEepossible,  W is not a right idealjof S$) then \theresexists an 
element ae W such that aG@ ¢ Wo sHencem ac = "cy, which amplies 

c = ac for all imuteges on 2) ey AS @fare W {chen a4 = 0 for some 
inteser | kK ool =) This implies that c =).0 {ya contradiction- | Our 
supposition is impossible, W is a right ideal of S . Similarly, 
wecansprove that W $s a left ideal of "S ..|W > is therefore.) indeed 


the Wedderburn tadical of S . 


By the method of N.H. McCoy [16], we can also prove that: 
Every one-sided A-nil ideal of a mob S is contained in some A-nil 
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Detinition el. 35 Let A be a non-vacuous subset of a mob S. 
inegletrsannpihilator, (A) of A is the set of all x < S awith 
SASS 0 Lheeriesht annini lator =r(A)e tot u Amis thersetlor all 

Keen oe awith Ax = 0° , Clearly," 1(A)? "and’ “<(A) “are"closed left 
and right ideals of S respectively. Moreover, A < r(1(A)) and 


REPEC CA)) Mand tt oT A, cA, , then 1(A,) >1(A,) and r(A)) > 


r(A,) . 


Example 1.4. The following shows that the right annihilator (left 


aunihitator) of the set “W “need not*to betcontained in @ Wwe 


Lety.5 = 10} x ($51) U [$51] x {0} with usual topology 
inherited from the plane. Define a multiplication * in S as 


follows: 


(x, 40) * (x,,0) = (max {F,x,x,} , 0) 

sy) * (0) = &,0) 

Gy) * Gayy) = G min ly,,y,}) 
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Then S with this multiplication is a mob with zero. 
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We are now going to find out the conditions which will 


give us that r(W)cW. 


Lemma 1.5. Let S be a compact mob such that W is open. If I 
is any one-sided ideal of S which is not contained in W » then I 


contains a non-zero idempotent. 


PEOOrs: Let 1” be a right ideal which is mot in) W . Then we can 
have x € I-W. Consider the principal right ideal R(x) generated 


by x. As S is compact and I is a right ideal, then we have 


EG) Ser GO R(x) =x U xS <4 1. By thesbaste vesult onecompact 
mobs [21], page 22, there exists an idempotent eG ste, ec i(x) eel. 
Since x & W, then os GaW forall intesercuek 241 Ass Weis open, 


we must have 0 + eé«¢W. Our proof is completed. 


Lemma 1.6. Let S be a compact mob such that the set W is open. 
Then there is a closed left (right) ideal L minimum with respect to 
not being contained in W. Moreover, L has the form L= Sf£ with 


£ a primitive idempotent contained in L. 


Proof : Suppose that I is any two-sided ideal which is not contained 
in W , then by our lemma 1.5, we can find an idempotent 

Ome poe eree Ty Go SeS eeSIs © 1s (Seo 1anaetwossidedeideal 

of $ and is non-A-nil since e & W. Now, let T be the collection 
of all closed non-A-nil ideal of S$ contained in I and let 


{Ta} be the linear ordered subcollection of T. 
O, 
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Then I, a 1 is non-empty since § is compact. Further, 

I) tseaigprdcalsois S -COntained ind and I) j W «since Was 
open and each Ty is compact, cn SW. Shas Oi has a lower 
bound and Zorn's lemma assures that the existence of a minimal 

closed non-A-nil ideal M in I. Applying K. Numakura's argument 
in [18], page 409, we have M = SfS , with f a primitive idempotent 
OD om eeGlearly. Sof 1s a closed) lett: idealeande ish We.) Werclain 
Ena ore ts, 0%n tact. the tiinimalssuchsone.. sor let i Gnepera 
non-A-nil closed left ideal in St .” Then by lemma 1.5, there exists 
a non-zero idempotent ee =o ee UW es sOmre cool olplics ) ere sc... 
and hence oe = f(gf) g = fg. Thus fg is a non-zero idempotent 
combained in] fst ~ Since’ £ -is primitive, we have fg =8f . -lhus 


fe =f e¢«fL¢tL =, which implies L= Sf . Our proof is completed. 


iecoremsl <7. Let S’ be a compact mob such that the set. W is vopen. 
If every one-sided non-A-nil ideals of S has a non-zero intersection 


Wichime Wee tiene © UW)» ULC) o W . 


Proof : Suppose on the contrary, r(W) \W. By lemma 1.5, r(W) 

has an idempotent es =ee«r(W) - W. By lemma 1.6, we can finda 
minimal non-A-—nil closed left ideal I = Sf <@ xr(@W) , where £ is 7a 
primitive idempotent of L. Since Lf ¢ Gi =2Ly and Shc eisvarminima Ll 
closed non-A-nil left ideal of S , so by the minimality of L , we 
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Then we have Ly Cole> Li.) This@insites that iror every ars Ly : 
eee DieawilOwebee U.) Hence, pate=—(ht) fe-mbty- 40, etnale es 

Lf = L - On the other hand, we have Ly = Lf <c WL c Wr(WW) =0, 

a contradiction. Thus we proved that r(W) c W. Similarly, 1(W) cW. 
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It is well-known that in theory of rings, Hopkin and 
Levitski proved the following celebrated theorem: If a ring R 
Sdttories therd=c.c, (or a.c.c.) Om 1ts one-sidedq ideals. ithien any 
Dilvideal of KR )is a nilpotent ideal of R | (Orein other words, 
under the a.c.c. or d.c.c. on ideals any non-nilpotent ideal of R 
is non-nil). in a compact mob S$ , a nil ideal of S need not be 


nilpotent, this can be seen by the following: 


Example 1.8. Let S be the unit interval with the usual multiplication. 
then © b= (0s) tsaen nil ideal of ~S {3b in, tepolosical sense, 

n 
see, chapter Ll) f#however, Lis not a nilpotent ideal, since =f 7-7! 


rove @ulil im 4 


uxample, 1.9. Let S = [S01] with the usual topology, the multiplication 


R 1 
on S is defined by x * y = {oxy} where xy is the usual 
1 : wane 
multiplication. Then S is a mob and [5>1) biotan “A-ni) el dealeor 
So ee ($51) is not A-nilpotent. 


The following theorem shows that Hopkin's and Levitski's 


results can be obtained in compact N-mobs under some special conditions. 
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(For the definition and properties of N-mobs, see chapter II). 


Dacoremale 10. Let S be a compact N-mob. If a non-nilpotent 
ideal I of S contains at least one closed non-nilpotent left 
(right) ideal of S$ , then I is non-nil. (Nil and Nilpotent in 


topological sense). 


EreObe. suuetw l Vibeva non—-nilpotent adealsormss + Let 1 Bbe nthe 
collection of all closed non-nilpotent left ideals of S contained 
in I. T is partially ordered by inclusion and is non-empty by 
our assumption on I. Suppose Klee is a linearly ordered 
subcollection of TI. Then A Ty is non-empty since S is conpact. 


So Ls is a closed non-empty ideal on I. We claim that a Ty 


a 
a 
Poeoon-ni iporent. For wt not, then a i is nilpotent and hence is 


nit. so fT CN , where N ais the set of all nilpotent elements 


q 
(ak Bo 
of S . (in topological sense). This implies that the intersection of 
finitely many members of ieee is contained in N because N is 


open and T, 8 arerconpact «a oiuce a4 la) is a > chain, we have 


eh 

Le SaNo fOr sone O98.) DUE Since Ty is a closed subset of §$ » then 
by K.Numakura [20], page 6/5, Ty is nilpotent. [his contradiction 
establishes our claim. Thus Lier has a lower bound and Zorn's lemma 
assures the existence of a minimal closed non-nilpotent left ideal, 
say L ite Le We nave 14 a L, Ay lorehe” Or aniee Ly is non—nilpotent,; 


lt th 


we have i = Ly by the minimality of Ly 
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Let) WU be the family of "all" lert ideals "J* in’’S’ such that 

LJ +e080and= Te Li N is non-empty since Li é Ue Ounce 

is compact, applying the above arguments and Zorn's lemma, we can 
prove eaae Ge has aPminimal ‘elosed@lett ideale ot =s 5 say J, such 
that LJ, + O01; Let 0 + X € Jy be such) that Ly a Ome 

Lx Tseaeclosed: ert adea lor. ese. L, (Lx) = Lax = Lx + QO and 


L hi AWE jooakeaal De 5 ies = i 
rhs 1 1 ence Lx e U. Moreover, Lx Jy since 


Lx c Jy and Jy is minimal. Now let a€é Ly be such that ax =x 
then for any integer n> 1 , we have ax = x , which implies that 


n 
a + OS eAS em atre Ly —_ l,j, 21 is, therefore non-nzl. )Our proor is 


completed. 


Corollary l. The Wedderburn radical of a finite simigroup is 


A-nilpotent. 


Corollary 2. If the Wedderburn radical of a mob S is A-nilpotent, 


then every non-zero minimal ideal of S is contained in r(W) n 1(W). 


Following R. Baer [1], the radical ideal of an abstract 


semigroup is defined as follows: 


Definition iil. A subset Q of an abstract semigroup S isa 

radical, ideal if (1) Q is an ideal of \S 

(2)e  Oistan A=ni laidealtotans 
8 
Q 


has no non-zero A-nilpotent ideals. 
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it, Q'-ts a radical ideal of Sv, them the structure.of 
the abstract quotient semigroup a has been studied by A.H. 
Clifford [3]. We observe that the following theorems in ring theory 


which are due to R.Baer [1] can also be transferred to abstract 


semigroups. 


Eneorem, Lsi2% [Baer] The Wedderburn radical is a radical ideal 


of an abstract semigroup S. 


Prool, saeoces | 


A semigroup S is said to satisfy Clifford's condition: 
if every two-sided ideal of S contains at least one non-zero left 
minimal ideal and at least one non-zero right minimal ideal of S. 


[3], page 840. 


Theorem 1.13. Tie tQ™trsta radical@ideal of an®abstract, #5. tsuch 
that 7 satisfies Clifford's condition, then Q is the Wedderburn 


(raGsw@enl ~@e S) « 


(The proof of this theorem in ring theory can be found in 
[1] and elsewhere. Because this theorem gives a characterization of 
radical ideals in mobs, we provide a proof here for the sake of 


completeness.) 


Proof : We only need to show that Q is the union of all A-nil 
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suppose onathe? contrary, ..J. isvanssA-nilvideal,in .S ‘such that 
Jes Q72 Then .Q uw J) isan ideal properly containing J . Since 
5) selyoe ; 

Q satisfies the Clifford's condition, hence by Glittord (5), pace 


840, there exists a non-zero minimal ideal M of S_ such that 


Qu _ $s 
Q Q 


Q t McQuJc¢cS. Hence we have 0 + ae » where $6 is 


the zero element of the quotient semigroup 7 Ne a ale Sel 
UDames ; ‘ ‘ ; 

coe is A-nil which implies 6 LSP Aant eens 7 » being a 
non-zero minimal ideal of 5 » we have either on = 6 OL os = 
M . i : 

(—~) . Since etic A-nil, we cannot have (sy? eet - SOewe must 
Q Q Q Q 

M, 2 A 
have (9) =20b buts thisecacse sichexcluded,esincem (Opmsea radical 


LdealeoLe o. has no non-zero A-nilpotent ideals of S$ . Hence 


CO|n 


OW contains all A=nil ideals of Sand must contain )W.)) On the 
other hand, as Q is a radical ideal of S , it is contained in W. 


Thus we conclude that Q=W after all. 


It is well known that a compact O-simple mob S_ is the 
union, of all O=ninimal®lefe (right) ideals™of =s W[211%" page 63%" We 
shall prove that the same result holds in dual mob. Stefan Schwarz 
(231 *called a -incby —S + 0 dualif forvevery lert, ideale 1) of 3s we 
hayewel(r(L)) = and tor every richt ideal” "Ror 9s, we have 
r(1(R)) = R. Examples of discrete dual mobs are given in his paper 
[23]. “He showed that: For every left ideal L :; S) anderient= ideal 
R + See we Nave CR) + Oman (Cu) + 0 and"if A” Ws an one-sided 


idealeorees Sethen 1(A) and 1(A) Sare “two-sided: 
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Moreover, let {A |ven} beta collectionsor subsets of  S)- 


th 1 = = 
ah ee vel eS) 2 en vel BONY La: 


Wneaowem IL si. Leu 5 be avdual mob. | lf the intersection of all 


maximal ideals of S is zero, then S is the union of all minimal 


Vett(rieht) ideals of S$. 


PEOOiw se Let 09> Ul all minimal Lert ideals of S$ = (8) dtsele is 

a left ideal of S. If +8 , then by Schwarz's result mentioned 
above, r(Q) + Oe. Hence thererexiste) —x)— 0) such that |x =)0 
Then x belongs to all right annihilaters of all the minimal left 
idealsvot  S . Lhat is, x ‘belongs to the oreo ion Of ail 
maximal two-sided ideals of S . By our assumption, we have x=0 , 


which 1S 4, contradiction, 


Bo. The e-invariant radicals. 


A.D. Wallace [3] has introduced the concepts of relative 
idealsyin_aymob. S ., He said that a,subset A ¢.S jis a left) G@icht; 
two-cided) mi-tdeal om 9S) if TAG ANAT CAD, TAL = 4)oo wnere me. 
isvalclosed’submob of S < ‘In’this section, we are interestedsinva 
particular case, that is when T is only an idempotent e of S. 
We shall consider the set ©= {x « S|ex = x} and call © be the 


e-invariant radical of S . In fact, @© is the union of all minimal left 
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Recall that a mob S is left O-simple if. $ does 
not contain a non-zero proper left ideal of S$. A necessary and 
sufficient condition for a mob S to be left O-simple is that 


oxemcom fOreall non-zero x» sof) S17 [211% 


Proposition) 2.1. Any non-zero element of a compact left O-simple 


a , : : 2 
mob) 5 is in some ¢-invariant radical of S where e =e - 0) 


Proof : Given any non-zero element aS , we can define 

Q= {x < S|xa=a} - Q is non-empty since S is left O-simple. S 

is a compact mob, so clearly , Q is a compact submob of S$. Hence, 
O> contains an idempotent e of S. [21], page 22. We claim that 

e + QO for otherwise a=0. Therefore there exists an idempotent 

e + Os such) that, .ea, =<a\..  lhatJis, any. non=zero elementeal of, oy is 


in © . for some 0 fe = ae GaSi 


Proposition 2.2. Let S be a compact -mob containing a maximal 
proper riehnteideal |R cf) 5S. ) It 95 iis either sconnected or |S-R| ne 


then there. is am se-invariant radical of S$ which is equal” to 7s. 


Proote. = Let save SRS Cousider (tiie principal right ideal generated by 
e 

a. Since a&R and §S is an S-mob , then we have R¢aSuvua. 

Since R is a maximal proper right ideal contained in S , so 

Aes) eae=0S. Hence either = 2S) = Ro of) AS = Ss lis 5) eis counected, 


then aS is connected, so S$ = aS Ua if and only if ae aS and 
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ieee) SR lemeeutien aci+:R | vsq@eac Ice alTniboth cases sawe 
mustehavewnes =1Su. Hence 4°S.2 8 §for all wn 2 dn C ema 
is compact, consequently, we have eS = S$ with x =e e€[(a). In 


other words, ©=S. 


Tests easily ‘seem that 1f@yomeisea mob withezero. then 
all e-invariant radicals of S has non-empty intersection. However, 


we also have the following: 


EXOpostelony 2.0. Let S (bea compact mob) without zero. lit -Ee as 
abelian, then the e-invariant radicals of S have non-empty 


intersection. 


Broot :) This result follows easily from the structure of minimal ideal: 
of a compact mob. For let K be the minimal ideal of S , then K 

is a subgroup of S with identity e , each fSf is a subgroup and 
intersects with K/’, so ee« f£Sf for each idempotent £ , hence 


622 fe = ef , Hence K = Gke © faker € rSe itor ALL a Sir 5 re 


means that ele OF > . 


Remark. If E is non-abelian, then the above statement is not 

ib 3 
true. for example, let S = [0,-] < [0,%) with the usual topology 
inherited from the plane. Define the multiplication * in S by 
(x, 94) * (x5 >Y5) = (x) X5 x ¥oty,) ; S is easily verified to be a 


non-abelian mob without zero. E is clearly non-abelian. 
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The only idempotents of S are e=(0,0) , f = (0,1) and 


See eee ea 


Uy Figure II, 
ie i 
(0,0) 329) 
Theorem 2.4. Let S be a compact mob and T be a closed submob 


Gigeoy.gelf J) is a maximal Toideal of S$) Such that) |S-J|p>) 1 
and has empty intersection with all e-invariant radicals of S , 


witheeecwle, then —l must be contained in 3 


Prootes) suet usedenote: S-J=A\. ) Since “J dig, a maximal 7 I-ideal 
SimOweWe lave go-A UJ). Hence: hole = in( Au a) Lame Aimee) Caec 
Pole  Weeclainm that “LAT el for otherwise, ) JATs. 73 simplices 

PA EeAne Mowe RAS eTAT. Mista Tatdeal om sie mhencemAgetl, Ta-S ae 

Then, for any aeéA , we have a= tjat, = a es for all integer 

n> 1. By a well known result of Schwarz [24], a=eat!' where 

se =ecucioe 3 t weap Thus ea =ve(e agty)o= on es ee bysOUL 
hypothesis, An@=% for all ee¢eT. Consequently, for any acA, 
we have ea : a , which contradicts (*) . Hence we must have TAT c J 


and our claim is established. So IST GJ. "By Bednarek aud 


Wallace [2], page 14, we obtain that, I J. 


If S is a compact connected abelian mob and e isa 
primitive idempotent of S , then the e-invariant tadical’os, Seis 


the set eSe , which is a compact connected group by the Schutzenberger 


theorem. 
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But in) generals iferS seis not abelian, athesse-invarianteradical 
of S is not necessarily a compact connected group. For example, 
Peteeoeae( 0,0) UN} =< 0,0 = with usual rove locy ee Tne 


multiplication * in S defined by 


(0,0) * (0,0) = (0,0) 


(1,x) * (1,y) 


H} 


(1,xy) 
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(1,0) 
Then S is a compact non-abelian mob. Take e = (1,1) , then 


@©= S , which is not a compact connected group. 


However, in a compact divisible non~-abelian mob, it is 
possible for the e-invariant radical to be a compact connected 
ScOUp eRAMTIIODINES Misucald) COspesdiVici bles ieror teach: yucuo a, 

: n 
andseach) inteser “n , S° contains an element —x “such that “x j—y 
A : ; th 
That is to say, every element in the semigroup has an n root 


in the mob for all integer -n 2 1 . 


Theorem 2.5. Let S be a compact divisible mob without zero. 
fee mieepe abelian. If "6 ais a primitive idempotent of S 4 athen 


the corresponding e-invariant radical of S is a compact connected 


group. 
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Before proving this theorem, we need the following: 


Lemma 2.6. Let S be a compact mob without zero and let E be 
abelian. If e is a primitive idempotent of S , then the 
corresponding e-invatiant radical of S is avcompact group. “(Part 
of this lemma is known from the structure of minimal ideal of a 
compact mbo, see [21], however, we prove this in detail for the sake 


of completeness) 


Proof : For any x <« @), the set €)x is compact. Take 


bee fey. tC. se lepx 5 then we have 9t 


l D e©x©x = (©x @) x°c©x 


ie 
1 
since x « @) and © is a submob of S . This shows that @)x is 


Tox 


a compact submob of (@). Hence there exists at least one idempotent 


element of S in the compact submob @)x , say, £5 = 2 c/O ek 


We claim that.|.c =jf.. Wor £ €.@)x.¢ @,) implies ‘ef =£7..5As E 
is abelian, hence ef = fe =f . Since we suppose wee 8 29-4 
mob without zero and e is primitive, so we must have e=f . Thus for 


any x €(€), @x contains the idempotent “e and hence, there is 

an element y ¢«@) such that yx =e. That is, y is a left inverse 
of x in ©. Consequently @) is an abstract group and is a 

compact space. By the continuity of ©x > Se \Xe ye 2 axyen, ples 
the mapping of the group (ee atom lise Saecw x is continuous. 


Hence © is a compact topological group. Im fact, e is the maximal 


subgroup of S containing the idempotent e. 
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We are now ready for the proof of our theorem 2.5. 
First of all, we point out that the group (e) in a compact divisible 
mob S is a divisible group. This is the well-known result due to 
Gelbaum, Kalisch and Olmstead [7]. Recently, J. Mycielski [17] proved 
that a compact topological group is connected if and only if it is 
divisible. Applying this result of Mycielski, we obtain that e 


1s a compact ‘connected group. 


Theorem 2./7. Any compact connected group can be embedded into a 
compact divisible O-simple mob. Any compact divisible O-simple 
mob is the union of a zero group and a number of homeomorphic copies 


of compact connected groups. 


Proof : Let G be a compact connected group. By mycielski [17], 
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multiplication in 5 as follows: 


yey. , xy is the group multiplicationvin 
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Then S is a compact mob with t acting as a zero element of S. 
Clearly S is divisible and every ideal of S contains t . To prove 


that S is O-simple, we let I be an ideal of S different from 


ZeGOr. 
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Then we fave IonG 3 6. Take "x 'e la C , so G= Cx Cl eT | 
Hem Go ic thewonly elemento §S) mot in) G eand tre Le mewe 


have [=Guit}=S . Hence § is a compact 0-simple mob. 


Conversely, let S be a compact O-simple mob. Then {0} 
Tseameisolaced point Of SS ep (21 |, pace, 69. S-{0} is a compact 
simple mob, it is therefore the union of all compact subgroups of 
See enetets or 0} Sy {H(e) Je ep = 2.0 Ce) e=seSent leis 
page 30. It is well known that if S is a compact O0-simple mob, 
and let e ,f£ be non-zero idempotents of S , then the maximal 
subgroups H(e) and H(f) containing e and f respectively are 
iseomorphic compact groups. [21], page 65. Hence S$ is the union 
of a zero group and a number of homeomorphic copies of compact groups. 
Since we assume that S is a compact divisible mob, so by Gelbaun, 


Kalisch and Olmstead [7], each H(e) is divisible and, by Myclieski 


[17], each He) is a compact connected group. Our proof is completed. 
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Sis called completely semi—prime 10 a «A implies a <«"A™. We 


shall generalize these notions. 
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B= {0,4a,b,d,e} is a strongly compressed ideal of S ~ 


Proposition) 3.2. Let © be alcompact connected mob such that 
5? + S , then S is the union of strongly compressed ideals of 5 , 
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We claim that |S-s | > 2), Ssinces s is compact, hence closed 


F 2 
and S is connected, hence S-S has to have more than one element. 
2 


so there are at least two distinct elements a,b in S-S . Hence 


S'=] (5-4) U a cc (S-a) U-(S=b)~ “Thus S = 2 (S-a,) - As 


Ayascis 
4 
» is compact and connected, each of these ideals is dense.in, S. 


[14]. Our proof is completed. 


Following G. Thierrin [26], we shall define a compressed 


ideal inamob S . An ideal A of S is called compressed if 
and only if x a ae cea impli A 
y eee oe or any n implies aja, ... a. ¢ ° 


In a compressed ideal, we do not require that the a's are all 
distinct. Hence a compressed ideal is strongly compressed, but the 
converse is not true. The concepts of compressed ideal is, in fact, a 
generalization of the completely semi-prime ideal. Clearly, every 
completely prime ideal of a mob S is compressed, and every compressed 


ideal of S is completely semi-prime. K. Iséki [12] noted that 


in semi-rings: If an ideal A is completely prime, then A ,ay++-a_ 
a Zz 
: ; 1 n Meus : 
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see that the same statement holds for mobs. An example of compressed 


ideal in a mob S is given below: 
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Poemmuliiplications.* ne 5 us defined: by (x1 y,) * (X55 Yo) = 


(xX 9X1 ¥oty,) *s then. S is 4 non-abelian mob and A = (0) x" 10,~) 


is a compressed ideal of S. 


Theorem 3.4. Let J be a maximal proper ideal of a compact mob S. 
Tnenug J 51S a compressed idealvot "Sif sand only if =J “isea 


completely prime ideal of S. 


Proof : If J is compressed ideal, then J is completely semi-prime 
ideal. Hence aeéS-J implies x eo-J oo.) Byelneoren 2.2. Joc pc. | 
page 66, we have J is a completely prime ideal of S$. Conversely, 

if J is a completely prime ideal of S 
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compressed. 


Definition 3.5. Let A be an ideal of S . The compressed ideal 
generated by A is called the Thierrin radical of A. In other words, 
the Thierrin radical of A is the minimal compressed ideal of S 


containing the ideal A. 


Given an ideal A» of S.. the Thierrin radical, of Ac ecan 


be constructed in the following manner: We call an element x a 


4 cea 2 
t-element for A if x= XpKoeeX, such that X) Ky +++ XE A for 
Someunecal Let) us denote by Tt’ (A) the seteot all) tpelenents Zor 


A , and let T, A) = x(t (A)) , thateis, the principalsideal@senerated 


by the set vt (a) 
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Write T, (A) = J(T (T, (AD) . By induction, we have 
1 
T 6A) 2 d@Gk (TA) .. Then! each T fA) 16 an ideal ot S$" and 
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Proposition 3.6 (Iséki). ihe livterr ine nadtea! T (A) of an ideal 
A of a mob S is the intersection of all compressed ideals of S 
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(Iséki proved this statement in semi-rings [12], it is trivial 


to see that the same results holds for mobs) 


BEOposit100) 3.7: The algebraic radical of an ideal A inamob 5 
isecont2ined insthe: Thierrin) radical of Aw.) (Por the defingtion oF 


algebraic radical, see chapter I) 


Breot := Let a be avelement, inithe algebraic radical of A. Then 
there exists an integer n> 1 _ such that aS eeArc (A) ae odace 

T (A) is compressed, we have a (A) . Hence the algebraic radical 
Of) Ae is contained (in T (A) . if) S ds abelian, the algebraic 


radical and the Thierrin radical coincides. 
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Hore ene g: li, J (S-e) = J (S-£) implies that R(S-e) = RO (S-£) 


and L, (S-e) = L(S-£) (20 ipacero73. 


Theorem 3.8. Let S be a non-abelian compact mob. If S satisfies 
Numakura's condition, then the Thierrin radical of an open ideal A 

¢ - * * e s 
Ofjgoe is "w-reduecible, that®is, STA) is the Intersection Gf all 


completely open prime ideals of S- containing A. 


Proof : Denote the open completely prime ideals of S containing 

Aye DY ee - Since every completely prime ideal of S is compressed 
and T (A) ,» the Thierrin radical of A , is the smallest compressed 
ideal containing A , then we have T’ (A) = OP Y . Suppose if possible, 
Tt (A) i oP » then by the argument of lemma 3.3 in our chapter I, we 
can prove that there exists an idempotent oe € ap 58 DUC! “eG AL 

As A is’ an ideal; we have J, (S-e) > A. By Numakura [20], J (S-e) 
is an open prime ideal of S . As we assume that § patierics the 
Numakura's condition, hence by Theorem 5 of [20], page 679, the prime 
ideal J, (S-e) is in fact completely prime. So we conclude that 

OP = J (S-e) ,» which implies e & AP . This contradiction prove that 


at * . 
T (A) = oP y So, CA) ass. ingiact,saw-educible. 


Corollary l. Under the given assumption, our Thierrin radical is in 


facet the algebraic radical, of A, [see chapter ks 
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Corollary 2. Let S be a compact mob satisfying Numakura's 
condition and let C be a compressed ideal of S containing an 
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However, the following theorem, which is essentially due to Iséki 
[12], proved that, under some very special condition, a prime ideal 


of S can be completely semi-prime. 


Theorem 3.10. Bet 7A. be a compressed) ideal ot vai mobao. Lie 2 
hopa minimal primes idealwofr = Ss containing =A.) then |p) is 4 


completely semi-prime ideal of S. 


Proof : Suppose that S-P is not empty. Then S-P is an M-system 
which is the maximal M-system which does not meet A. Let C(P) 
plete? nk 
be the set of all elements of a = Kyo» Xp eee Ky » where 
XjXo +++ K€ S-P , m, »M> 7m, are all positive integers and 
eo) eee rearly.) S-P te. €(P)) {lor puove, bate (Cth) mus ean 
mn, 1 ny 
M-system, let b= he ey Gay "= C(P) and Sebi 200 Sy S-P . 


INS o-Ps LS an M system, there is an element t of S_ such that 


(x, 5 ee x) t na 2 € ae : ee by tS definition of 
Lee? k 1 2 & ' 
C(P) , we can have Xp X_ vee Ky i uy hy SS MES OR WIS 


shows that axb e« C(P) and C(P) is an M-system. We shall prove 


tbat eC (Pyrn A =9o 8 Suppose om thescontrary,.  C(P)) mad . @ , then there 
sk a 

is an element ce A a CCP). Hence Cr= zy Z5 ree ZL with 

ZyZo vee Ze eé S-P . Since A is compressed, we have a ZS era... 


That ts, Aun. (S-P) + which is a contradiction. Thus we must have 


OS) Ge ee 


le e024) 


Shit 1.40) 
eVUOs 
sietd itil 
; Hee 
an - -n 
n 


aver. aa” 


: 


¥ 


;* 
2 
% 
p- 
7 
a 


y 3h . 2) dw roo (bl F bi eciaqeus '¢ 40 Ay Got £ 
eat Fonte? A gt lelv ins © “Bo lah P seae¢ Lot 


Livia 


UU. .sotsolboains 2 46 dotite ot Cee A é aks 


> ee 


g-5 Aart. . vite Gon, BY T-8 eee caaqgue § 392 


a 
suhficun Fans dehee Mutat, Captleee ses Oe atom’ 


se nt a 2 7 
* € i] 
“a = 6 . 2 ip (fetiiele .'s to 368-Sme 
2 ‘ f . 
i ¢| a4 tj _ >" f Aa e 4 1 = e aay 4 & : < 
A » 7 7 
4ech4 & ‘7 1 Me > 538 aX fatQc 
433 ? 
* 
j ‘ (%)) f . ad - e% = . * gd 
5 ; 2 ] 
' i ae iH 4 pis f2>3 


fusbiads.i¢ esctigbyy «SAS Ed 15. Aah ; (i= oe gy 


Su ee Tass rr. 
eee waldy (839 ig Cp te Pa we cls 
13pm W467 ehtyelh .¢ ek A (2% 3 

2 : 
© 6% ase” . ye. 2S 5 Get 
LL Ui | eS a 2 9 “ vee sw 


oe. rt ! 


= 387 = 
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